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CHAPTER 1. #®Bti& 10

a) Use the intermediate value theorem to prove:at any time, there exists two antipodal pOiIltS on

the surface of the earth which have the same temperature.

(b) Use the Borsuk-Ulam theorem with n = 2 to prove: at any time,there exists two antipodal

points on the surface of the earth which have the same temperature and the same pressure.
JEH.
(a) &
ft : SZ — R
x> x RALEIN 2 i
idz Nz XS, ) F(r) = f(z) - f(2).
B Fy(z) =0, BIREAL; BREBAFAE xo 1l Fy(z0) # 0, AP Fy(z0) > 0, BIRA Fi(Zo) <0,
IE B BASAFE A oy 1S Ft($1> =0.

(b) Wi, (ERAELEI £ S - RY, (E1E 2o € S" 64 f(—w0) = fmo). BRR, AHLRMELE
BREL f, AT RUE LN ELRT R g(2) = f(z) — f(—x), &E& g(x) MMEEE R,
BERTHIE h(z) = ;g; B S" B S IS WS, X1 Borsuk-Ulam SEFEF
J& !

&

ft : 82 — R2
> (xRN 2 IR, SUE)
NS, 3!

(3) B EEREE n A/NILTEER,
V-—E+F=2n—-3n+n=0+#2,
T !
(4)Let f : [0,1] — R be a continuous function with f(0) = f(1) = 0. Consider the simple closed

curve C that consits of the graph of f and the line segment of the x—axis from z = 0 to z = 1.Prove:

One can find four points on C that are the verticles of a square.

IER. f 7R (0,1) BAEIEERAE S, 15 AN 06 B A 28, A 11 k.
& f(z) 1 20 € (0,1) WM BIR KM, HAMEKT 0. i g(x) =2+ f(z), g(0)=0,9(1) =1,
HMEEE, 74E 2, € (0,1) 15 g(z1) = 20, BP 21 + f(21) = 0.
HIE F(z) = f(z) — f(z + f(2)),z € [0,1].
F(z9) = f(x0) — f(zo + f(z0)) 2

F(z1) = f(z1) — f(20) <0
RUAFAE 20 AT 20 5 2y ZIBATRERE 20 B 2y 13 f(22) = f(22 + f(22)). [



Chapter 2

B = %3 |g]

N
e

- et
— Xt
- SRR

1 E=E%H
o M.Frechet 7E 1906 “7EAR I 18 T B 5N R 450
o Hausdorff 7€ 1912 5| NI

1.1 EX
EM 1.1, =i X Lthy—NES d R—NHK
d: X xX —R
w2
(1) d(x,y) > 0.d(x,y) = 0 & z = y3
(2) d(z,y) = d(y, z)
(3) d(z,2) < d(z,y) + d(y, 2)
(X, d) HREFEN.

FIE. d(z,y) >0 FE LR S &6,
HEMA d(x,2) =0, REAZALRFX d(z,r) <d(z,y) + d(y, ) FoZWHF 2] d(z,y) > 0.

11



CHAPTER 2. E=7%=

1.2 filF
5l 1.2. (1) (a) R,d(z,y) = |z —y|
) dw) = A
(¢) d(z,y) = inf{|x —y|, 1}
(2) H#HAEE d(z,y) =1
(3) (a) da(z,y) = Z(wz— — i)
(a) I' B /BAEREE di(x,y) =) |z — uil
(b) dos = sup |z; — y4|

1/p
(¢) LP K& dy(w,y) <Z|w yzlp)

|7“1 - 7"2|,91 =0,
(d) d(z,y) =
T+ 12,01 # 0o
4 RN=RxRx---xRx---
[e%e] 1 -
((l) d((xn Zzind x’myn
n=1

12

SR B A ES 5 oA, %%fﬂi*ﬂi EEE S HENTEL R L w2 &L d(r,, )

AR, BEERNRERREE

(b)l]R_{ .(Z\an|> <+oo})

dp(('rn)a (yn>> =

Hibert Cube
C = H ] C 12

1. C(la,b]) = {f € R : fiscontinuous}

LP — metric : d,(f,g) (/ |f(x

2. w*?onC([a,b]) (PDE)

3. wordmetric %& &% geometric group theory
4. Q,p — adicmetric K& %4

5. Hausdorff & dy(A, B)

Fig. XY AT {f:Y - X}

2

0

1/p
|pdx> ,p € [1, +0o0]
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1.3 MIBMEE=EHEHNEETE

(1) N X FATATLERERTEY c X
(X7 dX)7Y cX

Y XY
2) X,Y 5 X xY
(ledl)v(X27d2)
d((z1,72), (y1,92)) = di(z1,y1) + da(2,92)

(3) X, Y - XUY
1.4 BARM

N TIET TS AR (X, dy) HISE R H X, EERHERE R, BRATE G
d,, B R — AN S B
EX 1.3, % (X,d) R—AMNEEZENH. R ACX RARXTEWR

diam(A) := sup d(z,y) < +o0.
T, y€A

W AR diam(A) £ A £ (X,d) POIARZ. 2R A=X, &M d 2 X L AAREE,
AW (X,d) £—ANHRFEZZ .
H b, 4 X EMMEEERE d, RAOEERES X ERHRANEREEDNT:
&y, y) = min {d(z, 1), 1}, oz, y) = —2¥)

dy B/ X bR RE R T T A A AL
Rl 1.4. % (X,d) —ANEEZM. & f:]0,+00) — [0, +00) #H L
o T HBIE,
« f(0)=0;
o fla+B) < fla)+ f(B),Va, B € [0,+00)

R4 dx,y) :=d(z,y) £ X EH—AKEZ.
T

A — o A

o f(w) R ERLI I 1Y

T +y < x " Y
l+z4+y 142 14y
A+2)1+yz+y) <zQ+z+y)A+y) +yl+z+y)(1+2)

I+z+y+azy)(z+y) <(1+z+y)(x+y+2zy)
ry(r +y) < 2zy(1+ 2 +y)
0<zy2+x+vy)
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1.5 ¥k, BKELURFE
1.6 [EH, #RAARZEE A RBRST
1.7 U8 FnESL

X P s () () (i, FRATIANHE s SOESEME: FRATTAT LA SAR R 22 8] Fh — A 5 ST BB
e, AR JE IS e SUESE.
EX 1.5. % (X,d) R—ANEEZE. EMAFRET] 2, (XTEE d) KEE & 29 € X mRAFEZE
e>0, BAE NEFEZY (>N, Rz d(z;,n) <e. AT z, LN Zo.

EX 1.6 (ELEMG. & (X,dx), (Y, dy) 2AAEE = .
(1) AR—ABS f: X -V BE 1€ X RiELSI REE LT o, W E] o R fx;) HKekF
fzg) €Y.
(2) # f REGWHIR f AEE 1€ X RiEL
[

B 1.7. & f: (X, dx) = (Vidy), 2o € X, WTFIALEH:

(2) HEZe>0,F5E0>0,FFEE v e X, REHA dy (v, 1) < 0, ERZ dy(f(x), f(z0)) <

13
(3) WA e >0, HA 6>0, 1% f(B(xo,8)) C B(f(zo,¢))

(4) 3HEE e >0, H46>0, % B(z,0) C f1(B(f(x0),¢))

1.8 FELEMRETRYHIF
1.9 BENEE
EERNE N E— M TSR, BN (R, dgiserete, R, d) FEESEMLES, TIIRA1C LR
SRR LR, RIS B f (R, d) — (R, d) ASREIELEM). T bL—N Wb & 105 7 S0 Sk T 45
SEMER, FTLL G IRATTAA AS 5] 6 5 B E i 2 S (R 4 B 2 — > AR I 1)
B — S B T U P A s i AR LR, “IESE” AR B AT R
5 1.8. RE...
W ERATEE L H 1, BAVE D KIRT di 1 dy FESEPESEA 1 32 2 5 A 2 st
1
—di(2,y) < d2(2,y) < vndi(z,y).
EX 1.9 (BEMER). & dy Ao dy RS X LOAANLE. £0NF5 dy Ao dy RBRFNGLRA
ﬁ’-r’%%{( 01,02 >0 ’fﬁ’f‘%}‘
Cld1<$,y) < dQ(ZE,y) < ngl(x,y), \le,y € X
W E BT ASIE, FRATAENEIUE B SRS B S A R (R v K 2
WEL 1.10. & dy o dxy A X LWBENES, dy Ao dy A Y LWBENES. AR LB

f:(X,dx)— (Yidy) REZH L ARE f:(X,dy) = (V.dy) 25,
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2 EETEZ(E8FELMET
o DRFREE 5 A M 1 IR
EX 2.1, #AMF f: (X, dx) = (YV,dy) R—AFIEBS isometry 2R f A — A0S m
dx(z,y) = dy (f(z), f(y))
FiE. XEFEEFAMNIABNEZZAMB G T ; Ky £ ERFEXARZG NG L.
ENX 2.2, &M f: (X, dx) = (Y,dy) =N embedding 4% [ Z—A ¥4 m A
dx (v,y) = dy (f(z), f(y))
EX 2.3. &M f: (X, dx) = (Y,dy) —A Lipschitz W4t (& Lipschitz %% L) 4= %
dy (f(z), f(y)) < Ldx(z,y)
[ (X dx) = (Y,dy)

EX 24. (X,dx) AREZE=WE, &M44F 2, XTEEZ dy K&E 20 & >0, AL N EFFT
EEG >N, dze,z) <e, ot z, 25z

EN 2.5, M4 U C (X,dy) AW RAEEN e U, Ak e>0, 3 Blz,e) U

EN 2.6, EMNAF f: (X, dy) = (V,dy) &5 3o &AEEG I ZFTEEET 2, 25 29, £NK

F@n) 25 yo = f(xo)
frof RS GUA e R f RS

5 2.7. (X,dx), B & g, R d,, : X = R, 2 d(z,2y) ZEL.

TR
| (2) = duy (y)] < d(,y)

FIB. X EFR ER—AN Lipschitz B4t
Fid. “d RELa”
(1) ARG 20, dyy: X - R ZiELE

(2) d: X x X - R Z#EZHH.

51l 2.8.
/:C([a,b])—>R
b
f»—>/ f(z)dx
%xF C([a,b]) LOEE d(f,g) = sup |f(z)—g(z)| ZEHH
z€Ja,b]

< (b - a’)d(fvg)

/ab f(x)dz — /abg(x)dx
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5l 2.9. X (,discrete), (Y,dy) & f &L B4

ﬁiia. f : (X,dx> — (Kdy) Z'i To é\tééfi = '{:E,j‘i'? e>0 ﬁ—/ﬁ: 6 >0 {ifﬂ?"ﬁ’:%? dx(l‘,l’o) < é ?Jti]_
dy (f(z), f(zo)) <e

5 2.10. f:R* >R
FEE AT EEESSHANY [ XTP E2is
E |x_y‘l1‘x_y|12

EX 211, MR X LOANEE d),dy RRFNRAELE C,C,y 1243
Cids(z1,22) < di(21,22) < Coda(x1,x2)
4o R dy,dy RFBFEFME, 2 f:(X,d) = (Y = do) 2L ARE f(X,dy) — (Y,dy) HEE4.
IR BEMN AR LRGBS F AR — AT B A K A

Rl 2.12. REMN = AR ELEDHR

2.1 USRS
2.2 ELRRETRIST
2.3 BENEE
2.4 FEEZESFEEEEHSNES
2.5 FIRBEZIEERES M
2.6 FIAAEZIEZSEESM
2.7 — N EERIMES: —BUEL
F T dy RESIHS ALY fXT d, 4

v

FIE. do,do RARZRFNGY.

B, BN dy < dyy f KT dy ESE, HOEN, WEE e >0, f7£ 0 >0, 813 dy(z,20) < 6 =
|f(x) = fzo)| < e

WR dy(x,20), M do(w,20) < 6 MR f KT dy HBE, W f KT dy ESE

R, R foRT dy ESE,

- 1)
dz(%y)m = dy(z,y) <=

FiE. X EPTFREFFEAMELNER B R ZAELE ARG HRE.
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2.8 locally continuity via neighborhood

A SRR I ) AR E 55— RSB AL
EX 2.13. £4 NC(X,d)s 2% ¢z WABABAELEFEU #£13 2ecUCN.
A, EMNTER N AT,

it M(z) = {N]|N is a neightborhood of x} C P(X).
Y EER

(N1) NeN(z) =z e N

(N2) NeN(x),M >N = M C N(x)

(N3) Ni,Ny € N(z) = Ny NNy € N(x)

(N4) N € N(z)= f#1E M € N(x) (EfEE ye M, N € N(y)

Rl 2.14. f REGOAE 1o T HREEE f(xg) AR M, fH(M) & 2y 89— ANARIR.

R, f 1E @ L, M 2 f(xo) WARE, FHEFEV CY #13 f(zg) eV C M, f7#fEe>0, I
& f(xo) € B(f(0),e) CVCN

Bx(20,0) C f7H(B(f(x0),€)) € f7H(V) C f~H(M)

M) Rz BIARE.

ik, WM = B(f(x0),e),

FHB(f(w0),6)) C U € g

Bx (z0,6) C f~(B(f(w0),¢))

B EGE

T 2.15. f: (X,dx) > (Vidy) RESHLAREEEHFE V CY, SHRE (V) £ X F
RFE.

SET. Sk G AN TR T R R AT, PR LAT A R AR

IER. f L, VY RIFE, xo € fUV), fzo) €V, f1E xo WIFELL, F7H(V) 52 2 F—40
W, WA — 6 >0 5 B(xo,0) C fH(V), Bk (V) 24

FFERFAG TR, WEES Il z0 € X, EE >0, FERI—6 >0, #48 B(x,d) C
FTHB(f(x0),€)) O
EN 2.16. AANEE dy,dy AEIEME, R dy TXLEROFEGELSET dy RXH KW
.

FiE. RFEMOEE—RIBIFM: BAFNR—ZRFN.

W 2.17. R dx 5 dx RBIFN, dy 5 dy 2BIFNE, KL f: (X, dx) = (YV,dy) £
FEMY AR f: (X, dy) > (V,dy) &5,
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Bl 2.18. ELMREMTFE, CRBIMS: E—HELTR IS

EX 219, f(X,dx) = (V.dy) R—RESMH W RHEENG e > 0, HE 0> 0, A& dx(21,2,) <0,
A dy (f(21), f(z2)) <e

f5l 2.20. R, F& d(z,y) = |z —y|, darctan(®,y) = |arctanz — arctan y|

AR ABIHLZRRER TR AFHEEELREE
CANAA B F 49,
fTR>Rxw— f(z) ==z
J(R,d) — (R,d) & —E &4,
(R, dareran) — (R, d) AR —H &L,
BE A |arctann — arctan(n + 1)] = 0 12 |n — (n + 1)|
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3 PSet01-2

(1)A pseudo-metric on a set X is a map d: X — X — [0, +00) that satisfies
o d(z,z)=0
o d(z,y) =d(y,z)
o d(z,y)+d(y, z) = d(x,z)
Let (X, d) be a pseudo-metric space.Define an equivalence relation on X via
x~y <= d(z,y)=0.

Let X = X/ ~ be the quotient,and let p : X — X be the quotient map.Prove:there is an unique

metric d on X so that

d(l‘, y) = d(p(x),p(y))

TEEH.
d(p(x), p(y)) = d(z,y)

o REM. B a1 ~ o W d(z1,y) < d(ar,22) + d(a,y), FIEA d(zs,y) < d(z1,y), Hik
d(z1,y) = d(z2,y).

o dREE.
~ EREA(p(x). p) = 0= d(z.y) =0 = p(x) = p(y)
— MFRAEA = AE XA AE d.
o ME—VE. HEWASEEEAERE A AR HIEAR R e 2 [ — A BB, ME— RO,
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(2)Let (X,dx) and (Y, dy) be metric spaces. Construct a “reasonable” metric on X UY".
i

(@) XNY =2 [HE z0€ X,yo €Y, WEE x,21,20 € X,y, 91,00 €Y

d(z,y) = d(y,z) = dx(z,20) + 1+ dy (Yo, y), d(x1, 22) := dx (x1,%2),d(y1,y2) := dy (y1, y2)
o 1EEMSXHRIE TR,
o ZANENX. YK 2 e X,
d(z,y) = dx(z,20) + 1+dy (yo,y) < dx(z,2) +dx(2,20) + 1+dy (y0,y) = d(z,2) +d(z,y)
(b) XNY ={a}
d(‘ray) = d(y,l‘) = dX(I7a) + dY(yaa)
REE =A%, Ak 2 e X, I

d(z,y) =dx(z,a) + dy(y,a) < dx(z,2) +dx(z,a) + dy(y,a) = d(x, z) + d(z,y)

HAR TP FLECT RALIRHIE.

() XNY SHBE—MTRERE XNY L dy =dy
WA=X\Y, B=XUY, C=Y\X, HMME-ZMHFEAREX Ah—pn5 C Rz
[fib)ics=o
BATNEZEREE X, HRME S E DL =A%, RITELAZRITA 1S A A #R
Wi = MAENX, MRFEEE =N B P sl —g 2 e = MA%ER, Wi, "M
BIER v c A,y e C, WIRSL

d(l’,y) g dx(fﬁ,Z) +dY(y7Z)7VZ €B
AR %O B R d (e, y) FE R ggg(dx(x,z)4—dy(y,z)),?ﬁfﬂ%ﬁ*@iﬁﬁiﬁ(i@ d(z,y)
BME, R ORISR 2 FE &I =2 5K
o IEEMERM!
o XFFRPEEAR.
e —gxcAycAzeC. ¥Kabeb,

d(z,y) < dx(z,a) + dx(a,b) + dx(b,y)

T,a
X(:Eva‘) + dY(a’Z) + dY(b7 Z) + dX(bvy)

NN

d

d

H a,b FAEEME, &
d(z,y) < d(z,z) +d(y, 2)
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—x€eAyeC,ze A
dx(z,a) < dx(z,2) + dx(z,q)
d(z,y) < dx(z,a) +dy(a,y) < dx(z,z) +dx(z,a) + dy(a,y)
FMRT o BUF #7455
d(z,y) < d(x,2) +d(z,y)
— HRNE TV FLECAT 2R IR

SEBR EBFATIEH T — pseudo-metric, FPAEEILEE (1) MIPHEIEE X UY BE X —1%F
MARSETERE L VEE. FX L, ¥ do,y) =0 M z,y HBER—SERBCNEARN, HAES
UEBHIRATAT AR — 1 53 2, € B 3 EA1% dy WST = RN % dy R8T v.
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(3)Let (X, d) be a metric space,For any subset A C X ,define

da: X —[0,400), 2 — da(z) = inf‘d(x,a).
ac

Prove:
(a) da is continuous function on X.
(b) A is closed if and only if da(z) = 0 implies x € A

(¢) (Urysohn’s lemma for metric spaces) If A and B are closed subsets in (X,d) and AN B =

@.Then there exists a continuous function f : X — [0, 1] such that

f=0on A, and f=1on B.

TEBA .
(a)
da(z) < d(z,a) < d(y,a) +d(z,y),Y a € A.
XS o BUFHF, 135
da(r) = daly) < d(z,y).
BRI da(x) LR
(b)
AR %
= A“RRTIT4E
=VareA3e>0,stB(z,e) C A°

—Vxe A Te>0,stda(x) =€

#da(x) =0, W axg A Ml ze A

CEFUNGES
= AT
—=JrxecAVe>0,B(x,e)NA#D

<—Jzx e A% da(z)=0

X5 da(z)=0=2€ ATJE! FHik A RHE.

()

B da(z)
flw) = dA(x)A—i- dp(z)
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4.Let f, 1 (X,dx) = (Y,dy)(n € N) and f: (X,dx) — (Y,dy) be maps.
(a) Define “uniform convergence”: f,, converges uniformly to f on X if ...

(b) Suppose f, are continuous,and converges to f uniformly.Prove:f is continuous.

(c) On the set YX = {f: X — Y|f is any map},define

] dy (f(z), 9(x))
4F:9) = 00 T T (), 9(@))

(i) Prove:d is a metric on YX.

(ii) Prove:f, converges to f uniformly if and only if as elements in the metric space (Y, d), f,,

converges to f.
TEBH.
(a) SMEEM ¢ >0, fFEN, RHE n> N, XMEEM z € X, oL
dY(fn(x)af('r» <e
(b) EE, XEEM 2o € X, SMEREM ¢ > 0, #7E 0 > 0, HE dy(v,20) < 5, [ERAL
dy (f(z), f(z0)) <e.
AR <. 08— B E S 792 Noo U > NoAHER 2 € X3 dy(fua), F(2) <

3
WE—Nn >N, BT f, AESREG o B e > 0, 4745 6 > 0, A% dx(z,20) <6,
AL dy (f(2). f(20)) < 5

JHZN:‘F x ?V%/% dx(l‘,xo) <0, EETL
dy (f(2), f(x0)) < dy (f(x), fu(2)) + dy (fa(2), fu(20)) + dy (fu(20), f(20)) <€
(© (i) » Ft

: )
D) = S (1. S

B f £ g WETE zo 85 fzo) # g(xo), N

dy (f(0), 9(0))

W) 2 T i o) g(wa))

o MFRME. EAR.
o =MAAEN

dy(f(z),9(z)) _ _dv(f(z) + h(z)) +dy(h(z) + g(2))
L+dy(f(2),9(z)) = 1+dy(f(z) + h(z)) + dy (h(z) + g(z))
dy (f(z) + h(x)) v (h(x) +g(x))
( (

EMRT o WL, 15
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(i) 2 f, —BSE f, #HES, WESER e >0, fAEN, R¥En>N, MMEEHN z € X,

AL
dy (ful), F(2)) < c.
e dy (), F(2))
vy JnlZ), J(Z e
Tt dy (fula), f@) ~Tge 070eX

M, WEE dWESE f, SHEBK e >0, FAEN, REn >N, SHMEEN 2 € X, oL

dy (fn(2), f(2))
L+ dy (fn(2), f(2))

dy (fn(z), f(x)) < %_6 —0,Vee X

<e
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ik EXFNBIF

1 #hib: EXFGIF

1.1 B SIELERE X AT
N T ARG BRSSOV AL 3 B AR ), B ERATE e E A AL “ATI” R

&

MTHEE ¢ e X, IAGBEEHRIKR—DMESHTER,
z = N (z) C P(X),
¥ A (v) RFIVRATCRERN © AR (2) T L T HI AR
(N1) Wik N € A (z), 4 z € N.
(N2) Wk M >N H Ne (), WA Me N ().
(N3) W% Ny, Ny € A (x), A Ny NNy € N (x).
(N4) B N € A (x), MAIMcCNHMe N () FVYyeM, 5 NecAN(y).
Fie.
(1) A TFARRBI AT Z L& NEA FWE AL, $ 4, SH T TR SZ MR £ F, TR
BEAEM T ZATF XOBK.

(2) EHEMRAE Hausdorff £ 1912 F 5| NE. tbbg BARZ X —ANIEF 269 2 18] 6945
A, 84 R". Riemann @, LFZHETRURAHHERBHHE ARG TNE, L T IIAIHE—
AR RAAT AL . RALIRE, Fak RAVRAEXA) B A5,

EX 1.1. 4 X Log—AAREM N R —ABeit
N X = P(P(X))\@

3 Bt AT (N1) — (N4).

25
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1.2 BN ERLEIE XA
1.3 BiEFEE XN
1.4 Bi3HASEE XN
1.5 b= [ERfIF
1.6 MBI [ESEIFRTNE
EX 1.2 (Hausdorff,1912). —/ANARIRLE M) 2 — AN B 4T
N X = P(P(x)),z— N(z)
%43 (N1) — (N4) &
EX 1.3. Int(A) := {z € A|A € N(z)}
A TBER IIE
(I1) Tnt(A) C A
(12) Int(A) NInt(B) = Int(A N B)
(I3) Int(Int(A)) = Int(A)
(I4) Int(X) = X
EX 1.4. T: P(X) — P(x) A& (I1) — (14)
MEATE T (X,N) 5 (X, 1),
EX 1.5. U ZFELHARE U =1Int(U)
% T = {open sets } C P(X) i &
(0O1) 9, XeT
(02) U1,U; € T=U1NU, €T
(03) Up €T =UU, €T
EX 1.6. X Leg—ANeiL2M T
SN, M, —MEGRMAEL HICAERAMERITE.
(Cl) X, e F
(C2) Fi,Fhe F=FUFeF
(C3)

5 1.7. 1. B4 (X, d)

To = {U|Va € U.3r > 0s.t.B(z,7) C U}

26
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2. BB
7:lisc7'ete = P(X> = mdiscrete

3. “FRLisit
ﬁrivial = {Qv X}

EX 1.8. R T, T, A X Loydadh, 8MNA T BTFTIK@T L AT BTFIAET LR T C T
AR L@ XLT —MaF xR, ERREA—ANEFXF.
ﬁrim’al C T C 7-discrete

Bl 1.9. X,
Teonginite = {U C X’U = @orU° is finite}

5 1.10. X
Teocountavie = {U C XlU = @orU° is countalbe}

5 1.11. AR ERAAEKR L8984, AT RAAMEAET

5l 1.12 (Zariski topology). C*, R = C"[2,--" ,2,]

Teariski = {U|3f1, -+, fm € Rs.t.U® = commonzeroof f1,-- -, fu}

5 1.13. R

Teorgenfrey = {U|Va € U,3e > Os.t.[x,x +¢) C U}

Fig. ABEG X ESETFELAALAN BT RS

1.7 MIB$BFME (B BRI PR $N 25 18]
(X,7), Y C X EXLTEMmAH
Tv={VCY[aUelUeTstV=UNY}

FIE. BT =T, 3 F X L& EANEE d, MABRMNTREFERY L2 LAANEN, —A2F
T Ty, —ARFTZEEZHFOREI Ta,, SNANSZEMNG.

« WACBCX, W A#fe X Wy EEfihg Altfe B it X 172 EhihE 2.
o KCX REEMNERERT K 72N K 5N,
o BN TR EIRINE X, XENT X MMEEES K WITEREA AR &%
o BRI THEZRM.
o REMMTEREN.
PN, BEE X UY,

Txuy = {U‘HUl S TX, Uy € ﬁStU =U; U U2}
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5l 1.14. X xY, =X FkARIE
Txxy ={W CXxY|V(z,y) eW, 3z €U € Tx,yeV EV,st.UxV C W}

Fid. T R,
7:11 = 7-dz = 7:100 = [\/ = 7;)roduct

7Eic. HXa Loy RARIBI A TR B9 LT K.

28
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2 PSet02-1

(1)Let (X,dx) and (Y, dy) be metric spaces.Endow the product space X x Y with the metric

dxxy ((z1,91), (¥2,92)) = dx(z1,22) + dy (Y1, Y2)-
Prove:
(a) If U is open in (X,dx),V is open in (Y, dy ), then U x V is open in (X X Y, dxxy).

(b) W is an open set in (X X Y,dxxy) if and only if for any (x,y) € W, there exists r > 0 such
that B(z,r) x B(y,r) C W.
R, (a)
KA UV 2090 (X, dx) 5 (Y, dy) PRI, BRISHER © € U, F£4E r, > 0§13 B(z,r,) C
U ERZ yeV, fF1E r, > 0 {13 B(y,r,) C V.
# dx oy HIEERH

B(z,r,) x B(y,ry) C B((x,y), 75 +1y).

EA—EH
B((z,y),rz +1y) CU X V.

Nk, B > 0 A

e+ Ty

)
I xEB(x,%w) C U,yGB(y,%y) cV, ¥tH

< min{rg,m,}.

(@) € Bz, %) x B(y,¥) € B((x,y), =+ Tv
) ) 1)

)cUxV
(b) WER W £ (X X Y,dxyy) T, BALLE 2r >0, {15

B((z,y),2r) Cc W

B(z,r) x B(y,r) C B((z,y),2r) c W.
WHRMEE (z,y) € W, T74E r >0 ffi15
B(z,r) x B(y,r) C W,

)

f) x B(y, t) C B((x,y),r) C B(z,r) x B(y,r) C W.

(z,y) € B(x, 5 5

Kt W JT4E.
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(2)[Furstenberg’s topological proof of the infinitude of primes]
For any a,b € Z with b > 0 we define

Nop :={a+nbln € Z}.
Define a topology on Z by
Tpurs = {U C Zleither U = @,0or Ya € U,3b € Z~g 8.t.Nop CU}.

(a) Prove:Jp,,s is a topology on Z.
(b) Prove:Each N, is open.
(¢) Prove:Each N, is closed.

(d) Let & ={2,3,---} be the set of all prime numbers.Prove:

Z\{1,-1} = | J No,,

peEP
(e) Conclude that & is not a finite set.
TR

(a) L4 Tﬁ%%ﬁ% Q,Z S yFm“s
o #H Us € Tpurssa € A, WIHER a € | | Usr FHE 0 € A8 a € U,, #OE UAFHE

a€cA

b€ Lo 843 Nap CUs C | Ua

a€cA

U /EllE%‘ U,U, € yFmS: I)_I\]J UiNU; € yFu’rs- ﬁﬁﬁ%ﬂ‘ﬂ%b‘i%ﬁg Hﬂiﬁ#ﬂﬂ%/ﬂ%ﬂj
W aeU NUy, MAFAE by, by € Zsg 43 Nuy, C Ui, Noy, C Uss W Ny s, € Uy N U

(b) j"j Na,b - Na+nb7b’ FEU\ Na,b 7\%%7%&

b—1
(c) A Nap = Z\ | Noyip RIFEMAE, FIEL N, 2 HILE.

i=1

(d) FEMTUEPMER o € 2\ {1, -1}, #ATUHSN a = np,p € 2 B, HREE e, X

(e) it &7 RAME, W b—r {1, -1} 2AERDHERIE, A {1, -1} ZIFHE, ZEAT
RERY, Bt 22 R

(3)Define a function d : Z x Z — R by

d(a.b) 0, a=">
a,b) =
277'(0,712)’ a 7& b,

where 7(a — b) is the smallest positive integer that does not divide a-b.
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(a) Prove:d is a metric on Z.
(b) Describe the metric balls B(a,r).
(¢) Show that the metric topology generated by d is the topology Jp.,s above.
TE B
(a) o IEEMESXFRIELIAR.
o ZHAAERX B oy, s S SRR ER. AR 2, y, 2 WAL, ZHE

9-T(e=y) ¢ g=r@—2) | 9=7(:=v),

Wae—z=m,z—y=n, WEARIE 27+ L 9770m) 4 9=7(n),
ARG T(m) < 7(n) B 1,2, 7(m) — 1 #ERR n, Bk 1,2,---,7(m) — 1 #EER n
HEREEE m +n, WL 7(m) < 7(m+n), W 2770mn) L 9=m(m) < 9=r(m) 4 g=7(n),

®) Bar)= () Nan

1<n< |~ logy 7

(¢) o T4 C Tpurs. MU € Ty, WMIRE a €U, 7E r >0 118 B(a,r) CU, RFEER

New C () Nam

1<n< [ —log, 7
Hrm ZHE 1 <n < [—log,r| BIFTE n /N AREE. FI U € Trus.

o Trurs C Tg. B U € Tpypsy WMER a €U, fFE m {15 N, ,,, C U, W r 75 /MER
|—logy 7| = m, W B(a,r) CU, MIii U e J.

(4)[Equivalence of neighborhoods axioms and open sets axioms]
(a) Given a neighborhood structure .4 on X, one can define a topology 7 via
T ={UcCX:Ue€AN(x)forany x € U.}
Check:.7 is a topology on X ji.e. it satisfies (O1) — (O3)
(b) Given a topology .7 on X, one can define, for any x € X,
N(x)={NCX:3U e T st.xcUandU CN}.
Check:./#" is a neighborhood structure on X, i.e. it satisfies (N1) — (N4).
(d) Prove:the set of axioms (N1) — (N4) is equivalent to the set of axioms (O1) — (03).
IER. SR

o YREARIGEN N, YeE AR T, WAEiZ 7 W (01) — (03), H T ¥w XAEE A7,
MAycAHa' NV cH.
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o WEIINGN T, tw XRE L, BAEZ A R (N1) — (N4), B A e X538 77, ik
MHT7co,9 cT.
DL & BARE B :

o WiE 7 WL (01) — (03)

- o BRBET 7. MMEE 2 € X, %R & WEN, A (x) NezrE, FEE N, #15
N, e N(x), M N, CX, H(N2)H X e AN(x), Kkt XeT.

- i«& Ul,UQ S y’ ?ﬁ%){y XTJ‘{E%I: xr € Uly U1 (S c/V(I'); Xﬂ’ff%‘? T € UQ’ U2 S ,/V(a?),
ﬁtXﬂ‘{f% reUNUy, U; € e/V(l') H U; € r/V(l'); EE (N3)7 U nNnU; € r/V(.’L'), .[H:
UnNnU, e 7.

~ R U, €T, acA SMEFae | U FE B 2€Us, WEL Uy €4 (2),

acA
M U € | Uar B (N2)H | Ua € A (), Bt |JUae 7.

acA acA acA

— AR ELRAHS T (N2) 1 (N3)
- WX EEL A X = PP(X)\@, WEl2—A A28, HRAHRT
SEAENERIARIE, (N1) HERR Tix— 4.

o N C N, HEIRERYIN & BETH T HERKN A XERTXT o AT
ZHE AW TFESL 7 hook. B EBN FREEIET. B (N4), 74 M c N JER
M € N (x), HEEEN y e M oL N € A (y), Fealkh, & (N1) &1, » € M, Bl
Int(N) = {y € NIN € A (y)}, BATEH = € Int(N) Cc N, HHER Int(N) € .7, HiL.

o« N CN, MR T AR A BETERYIN A EL, T N, BIFEBEEE
BIIARIE, T (N2) H7 A2 AT 38 20 A2 S5 A () 4RIk

o BUE A7 Jie (N1) — (N4)
— HEN, reUCN, HitzeN.
—zceUCNCM, HAK Mec ().
—#HxcU CN,r €Uy C Ny, WM azecUnNnU,C Ny NNy, H(02), U NU, HEFFE,
LH: N1 ﬂNQ (S :/V(CE)
— ¥ arxcUCN, U N M BITf
o« T CI, WHEEVIN T BETH & e 7' BMEE 2 €U, xeUCU,
I U e N e Rm AR, X IERST AR TFER E S, fHIE.
e ' Cc T, WEEM A HERN T B TRYIN T ATBCAE RIS U, #%E X, XHE
BaeU, HERNINFEU, aecU, cU, WU =] U, i (03), U BREYIIFLE.

xeU
o EERIMAECEAHE (O1), ATH—T (01), BRI SHZ WM (01) 1, AT
M X RIS X RARREAARE, M2 — > AR IdikAE 7.

o HBEGESRAERAAL (01) B o 2TFE. SHMN N #E O 32 ERHBIRF L.



Chapter 4

WS S L

1 FhibzsEIARYUCEL

1.1 Usg

WAV AT TS 2L, SIAIRAN SRR 1RSSR S R S e 23— B SR
BRI 2 o PSS, B3 L, 2, — 2o BIRE “XHTF 20 MEEALE N,
FPA o, WA HENFFIFEAE N7 O IR FBOTRME S, RAITE

EX 1.1 (8. EMAR—F) & 2, — 29, deBIEZQAIR 20 89 N, HE M >0 1% 2, € N
T A n> N.
SIEEZE QA v 9FE, GE N>R 2, €U SFTHAHE n>N.

AT N R 5 SCRN PRSI A ke S — RE )
B 1.2, 1 (X,Tq) EAB TS AERNEEHFHIBACER—H 6.
2. (X, Taiserete) : Tn — 2o AL HEE N >0 %8 2, =20 FF n>N.
3. (X, Terivial) Tn — o MAEEH IR Z.
4. (X, Teocoutable)
EIT. R X RTHE, T2 Toocountaie = Taiscrete

4k X A _‘5]——#[%, AR 7 ﬁountalbe ; 7-discrete

B 2, =z, T U=X\{2,:2,#20} WLAHEEN>0®F 2, €U ¥T n>N, 7
Z\xnzxoﬁ'ﬂ;n>N.

1.2 BRLUSERI

il 1.3. /& X = M([0,1] - R) = R
BICE T [ — [ RS
FR: AEA X 54T LR FER S S ALY A B4 TS

33
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1. @, X € Tpe
2. U, Uy € Tye, fEUINUy BRIBEXL, B 1, 2 U ey 1EFF
Y1, Y2, yYn, €2

. = BRI, AT U B8 f, F7E w(foar, o me) CU
B, AT DUREL A N, (7

|fn(xz) - f(.’Ez)| <glgLim

ﬁﬁu fn Gw(faxla"' 7xﬂ176) cuU

34

<= B fo = f (X, Tpe)r WHMER 2 €[0,1], LU = w(f,2e), W4 U R—MEE = KIFF

%’ ﬁ?f N 'TE?% fn eU, Xﬂ"ff%i n>N, Elj |fn<l‘0) — f($0>| <e€
FirUL f, B R3] f.

1.3 FRUSE AR E) AU el

O
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2 ¥RiPES(E] (B BY E SRR
FFEE M JE G TT 4 24 HA S AR M R AR, FRARIGUR FFAR AR I P AE Z T R R R
— AU BA IR R METUERE 1 (A\B) = f1(A)\f'(B)
— HMRPIRATRE F(A\B) D f(A\f(B), FILIRATLAZX 53T B S 70 P B o 18
— {0, Fhnk f RS, BOUE f(A\B) = f(A)\f(B), GBS AT 2540
IR f ARG, ST S T BE AN T
R f AR, S R 2
o R U RIFELHMY F71(U) ZIFE”

- U RIMEE = f7'(U) RITE: XEBWE [ iEs:!
- [THU) I =U RITHE: EAEWE [ 2TF !
* oG, X MEIFRA—EREHPEAREAD Y h&EE U MEE F1(U) KL
« FLG WA X MR B R R R A Y hEEE U R f1(0) BB, U
A EREHE, f(fTI(U)) WRARET U!
* 2 f RS, BAVRSEE f(FNU)) = U, HE—A R T IaT.
— U RITEMHEMCY f7HUU) IR BEHE fESE, HEAH £ ORI,

2.1 FhibZE)Z [E] A ELERR ST

IR, S EE A RET R E SO B IESEAE . IX A PIRAS R K72 —Fh
M, — R R AN EE R AR B . A SER X AR5 204 AN TR A 45 2R
R BATSEEL T & B ARSI 51 ) 7 38 SGESEPE

BN 2.1, AR £ (X, Tx) = (Y, F) £
(1) £ zo & F 7t Gedo BT X 4ICER B 1, — w0, BH Y P RICE AT f(a,) — flao).
(2) FolEdgm R4 R ES.

RATRE CAVE R R T HRAVEM T “Fpa)” XA, DA X7 T30 % 8 SN fE SR

N T IR A B R SOESEWT, BATIEMZ AR Z WSS f 2 (X, dx) — (Y, dy)
TE wo ALY AL H] Y PR f(20) BIARIR B IR f~1(B) /ZIEZR X F1 xg HIARIL

RIXAMEFR A, BATE X

EX 2.2, &MARBH f: (X, Tx) = Y, H) £
(1) & mo RESW R Y PIEE flzo) 89468 B RRIE F1(B) & X ¥ 2 04K
(2) i G 4o B0 AL AL 4.
H15E LIAA e W]

R 2.3.
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(1) 4 Wi 49 548 i 4 49
(2) F B3k ST 40 B AR P 540

AR, TR a9 AR 5 B, REL2REATHE, AZBKE.

2.2 FRAIESMSEE MRS
FERERZAIT, PRSI MESEN R 1. X T4 a, JATH

B 2.4, W [ (X, Tx) = (Y, F) £ xo ik, MATEE o &FIIELE. HH0, 1EEiE
SR MR AHAR A2 A 5] % S e

. W x, — xo. EHL f(z0) WARIE B, HIESME, f71(B) 2 o M. FA 2, — zo, FTEMF
£ N > 0115 x, € f1(B) 5F n>N. i f(z,) € BXF n>N, B f(z,) — f(xo). ATEL f
1E zo MbAE T HIESE. O

(R, AR A IR .
] 2.5. # &8 F k4t
Id: (R, Zocountable) — (R, %iscrete)y T — .

AR Td RFF)ESE, BH EwZ 1A 28, —AFINE (R, Tpiscrere) TS LR L CE (R, .T,)
sk, FF B B AR R B AR A2 2 Td RA TR #EL. T 2 e R, KM [z—1,2+1] & (R, Tgiserete)
‘:P T éﬁﬂ:ﬁ?ﬁiﬁ«y 4“2"8;":;% (Ra %ocountable> ‘:P €T éﬁﬂ:é\ﬁk&

2.3 B AEREREESM

X 2.6. A f REBGE 2 de BIHEEH [(zy) AR, THREA A o A,
KAV [ A& S Mo BN S AL

GEE 2.7, W [ A oxo RRESH, g £ flug) REEM, A gof LE oy kL
FE o RAEFIES, g & fn) LREFIES, KL gof £z FFlES

B 2.8, Wk f E— Kk, L [ EE—EFIES.
EH. W @, om0 FMERE o AIOAREL, BATH FoU(N) BB, RATH 0

T 2.9. f(X,Tx) — (Y, %) RiELN S LAY TRE R P aGET—AFE, CORBEE A
TR Y B K REANE.

HMER SRR AL SRR H RN R
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2.4 FFRRETFIEFIRRE
TERELEWUR T, FFERIR G, RGN, g,
o FFEETEELLWUR T IEA—E R IF 1Y
o PERTEEELLWUN T IEA—E =2 1
EX 2.10 (PRI, % X, Y #adb2 b, AFH f: X Y £
o WA RMAEE X FOFE U, f(U) RY T8FE.
o MBtAmR3ET X FOMK F, f(F) £Y vaM%.
ST KT WS R P G (22 B AR 1Y, e ITE SR P NGO G IR A T . T
M2 —AN 5
BAIERA
UBay=Us ﬂB ﬂ Y(Ba), fTH(Y\B) = X\f(B).

H—fth, WANTRH

fUJ4) = f(Aq ﬂA >cﬂf F(X\A) D FI(X)\f(A).

B, RS R P R S SI th B At ) — 8 K2 S0 OF H s N M o, e,

2.5 ELERRETHYGIF

5 2,11, 1 fEATEAABHE f X Y AL IPLRAEIAMFT2ERKRZEREERTE.

2. 1'2&4‘?"/]\@&%‘} f : (X, gx) — (Y, f%rim’al) i%iiéi%
8. AT =ABA [ (X, Tuiscrete) = (Y, Fy) RELH
4. eEFBRFRAELGL ARY T C T,

5. m (X X Y,gxxy)

2.6 [F]f%
RIS, FRATTRENS & XA 25 [R] 5540

EX 2.12 (FfE). &MARBI20 (X, Tx) 4= (Y, FK) ZRIEM,

W X ~Y, WmREHEE K

H X Y EF f A 7 ARRESG. B f ARAR X Ao Y ZHG—AFE.

5 2.13.
(1) (0,1) ~R.

(2) S™ — {the north pole} ~ R"
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(3) [0,1] £ (0,1) £ [0,1) #£S' £ R?
Rl 2.14. FIAER AT A Z H e —ANFM X F.
Fig. RV R ARG B R A 48R = ). ZANAR—ANER BRI R CERIETHRFELRE.
B 1R IELBR S IR, 25 50 A SUF H () JUR I S5 30 06 25 B A T RS T PR AR, A et
R 2.15. % f: X Y RESWG. R f AFHRAG, 2 f A—/NRE.
IEANAE R A ST — R, JRATTREE 2 SR IMIRA I -
EMX 2.16. % f: X - Y RELZFH, KRMNAR f RN HEALERE f AKX B f(X)CY &)
RAE. £ P RT f(X) F=iEdad.
2.7 AR BRI ETE
A E Re R RS K e AR 258 5 4R P a5 M AR .
EX 2.17. HEE G AEIH, wRAL LA BN R BN, A
m: GxG =G, (g1,92) = g1-92 A= i:G—=G,grg "
A A L BT
il 2.18.
(1) HEAT8, KT Hiaeal, HRA6412E. FREAFG92E Y B0
EX 2.19 (FHAMAEEN). ME = LA —ANEdh, 47
+ VXV V(y —»x+y

K xV(a,x) = zax
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3 PSet02-2

(1)[The Sorgenfrey line]Endow R with the Sorgenfrey topology
Tsorgenfrey = U CRVx € U,3e > 0 s.t. [z,x+¢) CU}.
(a) Check: Tsorgenfrey is @ topology.
(b) Prove: Every left-closed-right-open interval [a, b) is both open and closed.
(c) Prove:Tsorgen frey is strictly stronger than the usual topology 7, sua on R.
(d) Explore the meaning of convergence in (R, Tsorgen frey)
TEBH.
(a)
o B IR E Tsorgentrey
o WU, Uz € Tsorgenprey IEB x € UiNUs, WIAFTE €1 Ml ey 15 [z, 2421) € Uy, [z, 2+¢2) €
Uy, W e =min{ey, 0}, M [z,2+¢) € U NU;
o B Us € Tsorgenfreyr a € Ay fEB z € | | Uar WHFEE o 643 2 € Uas WAFFE € 143

a€A
[z,24¢)C U, C U U,

acA

o HE MW 2 €la,b), e=b—1z, N [z,2+¢)=[x,b) C [a,b)

o MEE. EJE R\[a,b) = (—o0,a) U b, +00), HHELH—FUEM (—oo,a) F [b, +00) #BE
F4E, NIk [a,b) &M%

(€) o Tusuat C Tsorgenfrey- B U C Tusyar» MEE x € U, /7 € >0, fiff (x—e,2+¢) C U,
M [z,2+¢) C(x—e,xz+e), KU € Tsorgensrey

b [a)b) 7‘% %orgenfrey EP}F%{EZ:% %sual EP}I:;%K
(d) EER e >0, FE N >0, [FEMEE n> N, z, € [v,z+¢e), B 2z, MAMELL S 2.
O

(2)[Different conceptions of continuity]

(a) Recall that a function f : R — R is right continuous if 1im+ f(x,) = f(xo).Prove:a function
T—rT0

f : R — R is right continuous if and only if the map f : (R, Tsorgenfrey) — (R, Tusuar) 18

continuous.

(b) Let (X,.7) be any topological space. We say a function f : X — R is upper semi-continuous at
a point o € X if for any € > 0, there exists a neighborhood U of z( such that f(z) < f(zo)+¢
holds for all x € U, and we say f is an upper semi-continuous function if it is upper semi-
continuous everywhere. Construct a new topology 7, .. on R so that a function f: X — R

is upper semi-continuous if and only if the map f: (X,.7) — (R, Z,.5.) is continuous.
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TEH.
(@) =
Jim f(zn) = f(@0),V{zn}

— Ve > 0,36 > 0,[z,2 +0) C 1 (B(f(w0),¢))

= f: (R, Tsorgenfrey) = (R, Tysuar) is continuous at xg

[ (R, Tsorgenfrey) = (R, Tusuar) is continuous at xg

FTHB(f(x0),€)) A& wo HIZBIK
AT U H15 2o e U C f7HB(f(20),€))» 6§13 [, 246) c U, Bl Ve > 0,36 >
0, [z, +8) C f~H (B(f(x0),€))-

Tse = {(foo,aHa € R}

(3)[The pasting lemmal]
(a) Suppose X = AU B, where A, B are closed sets in X. Consider a map f: X — Y. Suppose

fla: A=Y and f|p: B — Y are continuous.Prove: f: X — Y is a continuous map.

(b) Show that the same result fails for X = U A, where each A,, is closed in X.

n=1
(¢) Prove: If X = UUO” where each U, is open in X, and if f|y, : U, — Y is continuous, then

f: X — Y is continuous.
TEBH.

(a) WU Y AL, BT fla RESLRE, FLl fFHU)NAR—A U RRIFERN A1
22, BN AR U REE, UL I U)NA R U PEgE, FE N U)NB WEME, M
O =1 U)NA) U(FHU)NB), FTLL f7HU) &M Bk f ESEU.

(b)
T (Za &%ofinite) — (Ru %suul)
T PR A R Bimki, (HRESLHZ EAERITENEGREZUEHRZ DA, B
BEATTREATT Y.

(¢) 5 (a) FIFLATIE.
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(4)[Homeomorphisms|

(a) Let N = (0,---,0,1) be the "north pole” of " = {(z',--- 2" )|al+ -+ 2}, =1} C
R™ ™! .Show that S™\ {N} is homeomorphic to R™ by explicitly construct a homeomorphism.

(b) Use Brouwer’s invariance of domain theorem to prove: If n # m, then R" is not homeomorphic
to R™.

(c) Prove: If f : X — Y is a homeomorphism, then for any A C X,f : X\A — Y\f(4) is a
homeomorphism. As a consequence,prove [0,1] 2% (0,1) 2£[0,1) 2 S' 2 R?

TE B

(a) ¥ S FI R™ LEHRARAIRR FIARR RN 2,0 <i<n, X 1<i <. B s =) X7, W

j=1

82 -1 2Xz

W= Gy ST g LSS

(b) Rk n < m. BIEAFWS f:R® < R™.f ZIESHG, H Brouwer XISAE M EFIA]
(c) U & X\A FHIJTF4E

— fPE X TR V 13 U =V N (X\A)

— FEY TIFE f(V) 15 f(U) = F(V)N(Y\f(A))

— f(U) & Y\f(A) FHITE

B f: X — Y\ f(A) &R,

¥ f:[0,1] — (0,1) R, W [0,1) ~ (0, 1)\ f(1), HETFZEEN), J5&ELAZEEK, B
LA TTRER. ARLR I IE AT IE B R
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ZEMTE, HFHIMIKSESHI

\l

1 FhbaIEFITE

o IINEERIE X

H 2 25 R PR 9 R P R 21

FA W 5 SR I 15 A 45 R N 2 O HE U
— GRERRRET A
— RN

AT EEAE X

o FFHEE BT S E S

ZE A

1.1 EBEEXHhRIP
ﬁu%fﬁ;ﬁ]—% %rwtric, %orgenfrey) <7pc *D gXXY EQ%X’

Imetriec ={U C X | Ve € U,3r > 0 s.t. B(z,r) CU},
Tsorgenfrey = U CR | Vo € U,Je > 0s.t. [z, +¢) CU},
Ixxy ={WCXxY |V(z,y) e W,3U € Ix and V € Fy s.t. (x,y) e U xV C W},
Tpe. ={U C X |VfoeU, 3z, -z, €[0,1] and € > 0 s.t. w(fo; 21, ,2p56) C U},

IRAEH S IR B — I L B AA TR A
I ={UcCX|VxeUIBeBst.zecBCU}

TR B C P(X). FEXEEE ST G — A7 25Nl RS0 |
IRATRERHE ! B B C PX) 2 X M—ATFHEH, L REIMETL T 0

B = Ptk

EE: B ASAZ MR
AT EAE, FEXE B AT AR EUE T, LiiiE XIERIR T & Mhdh?

42
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o WRIEWIE, o e T
o HMME X € B, FMITHEMMERN 2 € X, 177 B e B lif} 2 € B.

e W ULU, € T, BAIFRE U NU, € T, HISMEEN z € U, NU,, i1 B € B fiif5
x € BcU NUs.

AWM FMAET T U, Uy € T, WHREIHAEXNER B KGH—N6M4F B2, R
Pitit, SHMEZEN ¢ € Uy NUsy, fF1E B1,By € Bst. x € By C U,z € By C U,. FTULE
MBS, AT DR ESMEER By, B, € B, 1EEM © € By N By, #1£ B € B, fiif5
r € B C ByN Bs.

AR RRA) KA, LRLEFM! AAREMNE, £ELE BeB LR T PHLE!

o« WIER U, € T, MABNANE UU € I, RASHEE erUa,ﬁE ap 18 z € Uy, »
F)?U\??TBeBﬁﬁxeBcUao, Eka%%xeBcUUa, EI]UU € Tg.

PRI ATRI R A 1 — N EEHRIRE . T & MM BRI R AR B i 2
(Bl) Ve e X,3BeBst.x € B
(B2) VBy,By € B,V € ByN By,3B € Bs.t. z € BC B; N By.
EX 1.1 (HIEE). (1) %4 B C P(X) MR1ER—/Nedhty e R Cih 545 (Bl) 4= (B2).
(2) T A d L B £y iedl.
FiS. FRGATR A RAIR 694640, thde, T @y ZANEAAGRAES AR R? LayBR X464l69 4.
= {B(z,r)|z € R*,r > 0},

= {B(x,r)’x ceQ?re Q>o},
B3 = {(a,b) X (c,d)’a,b,c,dER}.

EE By AT HE!

AR, ERMNBARAE: EEXL, BC Tp, ikt B YHENMTEHRAEI Tp POHFTE. —Mk

BLAR BB AL SR IR AY.

1.2 fIF: #EHHd
BBEERATE — BN 8 (X,, To), BAIEBEH KR
HXa = {(xa)‘xa € Xa}

B SN IR R R RORARIE T, BATR Lk FF

= {IZIUayUa € %}
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AHWIE B (B1), (B2), HULRAIEE—ANHh
Fow = {U C [[Xa|V(zo) € U, 30, € Z st (2a) € [[Ua C U} .

SRR X = [ Xa EHOAR.

1.3 BEEENHI: &mVE
NTER B T KR FR, A “H B AR Tp” XAHHIASMERE.

AEﬁ

Rl 1.2. w3 B #2464 I 094, 24

%:{U ]B’CB}.

BenB’

IEW. IEMPEATZHEILH), B C 5. FTUSHMERE 74K B' c B, &ATH

U B e 5.
BeB’
iR, WHEE U € T FUER 2 € U, $i5E UAEHE B, € B {3 = € B, C U. X¥WHA
U=JB. BUBHERKR. O

zeU
ENHER, BATE

L 1.3. A BR I 94, #L BC T, M4 IgC T .
XEWE I 215 B FRITEE S ATENR/IFIH:

T = N T

BCZ',7' is a topology

1.4 HEEFERERBOAIN

B 1.4. BRAEE X Liydeitk 7, (| T, -k

TE B

c 2.Xe T Va=0,Xe( )%
e U Uz € Z,Na=UiNls € Z,,Ya=Uinle( )7

UﬂE%,VQéUU/}E%éUUBEﬂ%.
B B «

BAER S C P(X) /& X MER T4
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EX 1.5. B S £ARiadz LA
Ts 1= ﬂ T,

sca’
HA)iEY, Ts RMERIE S THIES ATTERRISH .
— M EARWEER, Ts BKETA?

B 1.6. % S C P(X), it
B={B|35, -, Sm€Sst. B=S1N---NS,}.

(1) =% | JS=X, M2 BR Ts bk, B Ts=Tp.

ses

(2) —Mst, R X' =) CcX, 2 BRX Liyisdl T ik, HE Ts={X}] I

ses
TERF .

(1) B, S B Wk | = X s (| = X, s TAE B A& (B1). MR
Ses BeB

i, B W EEM (B2). ALl B 2—AN4. BTSN 77,
T' >SS« I’ OB.

Fibl () 7= () 7', Bl B AERIEEIMNER Ts.

Ssco’ Bco’

(2) B (1), {XHJTs & X LR G, B X LR S AFFENRIEH.

1.5 EHFENLIE

—ANEARM RS g NMEIR B, BATITHRTE R G M Ehh 7 ik XEA—
AT B A R DU«

S8 1.7. % (X, T) A=Az, 5% BCP(X) R4 T WAL HRY
(1) Bc T
(2 MEE Ue T folt& 2 elU, A BeBEHF reBCU.
TEB.
o BN, WME B R T ME, Ba (1)(2) KoL

o BHEW (2) HEE (BL), JFH (1)(2) &gk (B2). Kt B 2. tt4h, (2) &ikE 7
HIHERZ T TRIJTE, M T C I HEMENE, I Cc 7. Frbli B ERHH
g T

RN EA LA
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W 1.8, % (X,.7) R—AEH2H. % SCPX) AT WFEALARY

(1) Sc T

2 MEFUCT fotiEacl, 5E S, S, cSEFzc(|CU

i=1

1.6 BEEMTFEEXESMH

TNCLF BRI B Z RS f: X — Y 28R 2 HACEITRR RRZITHE. AR T
AT T LRI F e AR, B, el 73 p O TF AR 10 AR O T

EIE1.9. X B R F ik, SR F BTE MABM f: (X, Tx) > (Y, F) RELH S LR
L& BeBA [T1(B) A X FAELARLNER SeSH [71(S) £ X ¥F7%.
1.7 f5IF: FRid
EX 1.10. —MafhEkeR—A%E X —MaF xR < B
. <1,
e R <y y<z, NL <z,
e R a<yy<a, Naz=y.
AL BEFERMMaFE (X, <) AT 2y, 3% r<y, 3FE y<a.
ERFGEFRR < Ja, BATTLUEL <A
r<y:=z<yHz#y
EX 111 2 5% (X, <) L8R Tpger ARTE S AR, LF S HHAHLe
{z|z <a}, {z|z>a}
LVE

AR T TR
{x|x < a} , {:c|:r > a} , {x|a <z< b}

E‘J %ﬁéﬂﬁi e?orcle'r E(J g/l\%

1.8 filF: AP

JEIE. A ST AR, BN RA B/ o- K892 LT KA RAIBA 69 € X 77 X2 —4E49.
B (X, 72) A WA, AR/ [[ X L BB, RATCAT B

Kool 103 this B B [ X. b RATESAE ] Xo L R SR b 113

T At T] X ERTRBUR, FERERT X Y, MR 7y s X x ¥ - X AIiH

o A UXY =" (U). —fgh, BATE m: [[ Xo —» X TR
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EX 112, [[ Xo LRRABRBA Tprogue £ET

S=J{m;"(Vp)|Vs € T4}
5

RN
FBURIN TR W [ UL AR, b Uy 2 Xo TIFEIF BT AR o 4

[0}

Us # Xo- B TAIRFR, Troduct T Tyow AR (HXSTEIRF,: Troduer HEI5T Thoa
GBI INERRAGR NI A B, EFL ERPIRINEVER.: ©H T2 RIEFHPER.
I RN VR 2RO BE B2 AR .

W 1.13. AHEE B, HHWI 1 [[ Xe - Xp REGBAMAF VS, K ANKT ] X, &
TR " ’
9. T IRAUGINGS TGN, LB R AR AME WIS e, 4R HMIE I
o RFRBULIN, w5 RESIEN (X5, Tp) PIHERIFE Vs 0EER ([ ] Xar Tproduer) 1110
JTHE 75 (V). "

o XFTHEWAL, 75 RIFMBE NN THREFE W C Fo, MMER © € W, 7 U, € 7, 115
S HUO“ Kt m5(z) € Us C mp(W).

FH b, RN LU BB 75 SR % -
Rk 1.14. KRB Tprpguer RARIFEHEA 75 #ARiEL HXQ BGE € SL AR

SER. BATEEE RGN 15 KT Tproduer WIS, ARH, WHREA 7y X T34 [[ X E
M 7 RGN, AT 17 (Ve) B T HIOFFE, B Tyoge BHT 7. .-

1.9 SRIRAINEIZMHER
Fe AR N REE B T H1)32 M T ) -
EE 1.15 FRBURIMNZIERR). & X, X0 RBAEM, fo: X - X, ABS. KT [ X fizde

Ak AR 2 et
X o [[Xarz = (falz))

[e3%

AEZNL ARG HEA [, =m0 f RELW. LI, KAEIE HX(X L Rt R 89— 4B 4

X # (HXaaferoduct)

Xa
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JEBA .
o W f LN, WA fo=mao fAFNELMURIE G S L.
o W fo RIELEN, FATEIL f &SR, ATME HX I —AF2A
S={m;'(Vp)|Vs € T3},

R HFIE - 1(7r51(V5)) %Eﬁﬁ"lﬁﬁfﬁl(ﬂ Y(Vp)) IER (mg0 f)"1(Vs) = fﬁ(

o FURRATEEVI AR IMEZ R —ZE. & 7 R [ Xo L RZ R MR,

L (X 2)
x ke

Xa

— EREIEY] mo RIELEN. WX N ([ X 7). B f NlESBE,

HXa,y HXa,ﬁ

id AR TR, HIZ M, m, tESL.
(HXayfz)roduct) L> (HXOUC?)
\ e
—[H: ,7. C <?;L.aroduct'
(HXaay) Z*d> (HXayczroduct)
\ N

—[H: %Toduct C y

5)-

48
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2  BRETE XHIFATN

2.1 FESHI
AT A ST A
o FATLATRINGES TRBUEI Typoiuer 7 [[ Ko BB m5 [[ X0 = (X5, T5) £
FE W 1) 52 53 4 i *

o KU, ¥ (X,.7) 2N, AR X WT%, BaTEEhit 7, s A RERa s
o A X RBESMUR SR

— I, FRATTAT DA FH Al SR SRAL 3 B (R 4 41 -
EX 2.1, 3% {(Ya, Z0)} A#EAZRGE, &
F={fa: X = (Ya, Za)}
R—%WS. X L8 F— 533830, ithE Tr, RXUHEBHA RS [, RELUSRIFIB).
IR, ANE BB T XA E L

o B, BB EARAE, wREMNKT X RIRG I, BPEBRIEI, RAERTY f, HA
ELE. LR ATE.

o WR Ty A X EIHRFEAN fo BRI, 2 BeANCEERY, T =T £

B
X Eb&ydsdl. sboh, RFME f, XT T &% BHik, 54 X EE-0RFOBIMEFEAN
fo HARARZELE.

AHEFR XA AT $25E L, T T2

Sr=J{f ' (Vo) |Va € 70}

R, ERAERAN NG — MR (Y, By) DB 0 X — (Y, B) BRSBTS, 75
S{f MV e A}
KGR X ER— M. BRI MER T,
Ty ={fV)|VeH}.
i A E R 1.23 MEN, BATH
WL 2.2, % Z A—ABA =N, KFP X A F-i5F464l. R2AMH f:Z - X RELGY BRY

FA foof i Z =Y, RESW. I, F-ikFI6302E— LR 64641,

z -1 ,x

fa% lf °
Y,
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o R fARELR), A foo f IENELSLWUN I E A HRIESN.
o X foo f RESR), FIE f2ELSLR, AFx X K1k
Sr={fa'(Vo)|Va € Zo}
IEEANTTERMIEE [ (Va) = (fao f) 7 (Vo) #RFFE. RBOLEN (fa o f)~" HELE
o B 7 ik X R TE R AR

— HJE
(Xa e7..7:) % (Xv 9)
f

faold=fa l °
Y,

FN (X, TF) Lo Y, RiEGS, Fibh (X, TF) 2% (X, .7) RESpE. Bl 7 ¢ Tx.

- %8
(X,7) -4 (X,7)

\ lf”‘
foold=fa

BN (X, T) L% (X, 7) REsp, Fibl (X,.7) 15 Y, RiEsmy.

- FJE
(X, 7)) —— (X, T¥)
f&olm lfa
Y,
Fh (X, T) Lo v, s, Fibh (X, .7) 2% (X, ) REsm. i 7 c 7.

2.2 BSHIMIESZHIT
PATCLF B 72 [ Fh AN AR A0 8 ] LR v S0 dh. A5 285N LA 1

5 2.3 (FEF AR SIS ). % X = M([0,1],R) & [0,1] LATH SHALE 3 69 A RM R 8 = ).
SFHEE v €[0,1], & ev,: X - R ZBYEBA

evy (f) == f(z).
28 {ev,|z € [0,1]} £ A% FBA3E AL SN IE.

TE B O
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2.3 KiFSHI

SRS AN RE % P AN 1 IR 22 1) o [ B2 1], 3 RE 5 P o 9 0 MU 4 3 B0 2 ). e
M, ¥ (Xo, J0) R BEHANEN, Y R—AES, fo: Xo — Y RRPS RIERRT vV
AMRIMERREA o WORELER. T ERATAE RN YRR U, BRI A AT
AN ERE] Y P ER MU EORELE . TR BRI T Y —AMERS £ SRR . R E
HsE X
EN 2.4 (RBESHI). & (Xo, T,) R—kBIER, BY B—AEL, F={fu: Xo—>Y} £
—RBATY AR EA fo AR RIRIBAARA F AT RET IR

BT R XREM BRI IOAMEAEND ? VERBIEE L F % S E IS MR, FATF
7 X ErRiNgERIE R X B s, B0, X RRIRINERIREN R X R
{EE, WERIAVF B IR, BA T2 A BLBRATTT i iR AR TH A A0 f5 55 40 PN SRABL A 1 L 3l
ARAEMIHANRIIE, TRRINRIAE Y KRB FA A — R PR ¢

T £ B UP R B
TR 2.5. i (Xo, To) A—HABAER, fo:Xo oY R—kgt. 2l {f.} #$0Y Lag
#FEAhat A

T=(HVeY|f'(V)e T},

A SR INE I, A A R] L T i 032 o 2

Rl 2.6. X Z A4AEE. KT Y A F RiFFiedh ARAS [ Y - Z AESGE ARG 4
ANBSE fofo: Xo = Z REBLW. QLIN, F AF0RFFIHIZH 2L E—i6d].

TERR.
X, sy

—
o\
7
o B f RELEN), A fo fo MENIESMGHE AW ES.

o % fofo LRI, ZHE fRESN, MXWER U e Iy, f71(U) &Y PRI $%5E X,
RAVWMERR ar fL1(f1U)) 2 Xo PRI, B (fo fo) '(U) & X, HHITTEE, XHL
SEEN f o fo REIEBEN.

o it 7 WY BRI,
— %8

~

— (Y, 7)
lid

X, fa
idm
(

HA X, L5 (Y, Tr) RIESWSS, B, (Y, T) 2L (Y, TF) RELMI. B TF C T

Y) yf)
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— EIE
X, s (v, 7)
idm lid
Y, 7)
Fh (Y, T) 2% (Y, T) RESmst, bk X, 1o (v, 7) REsp.
— %

X, —L (v, 75)

idm i

Y, 7)

WA X, 212 (v, 7) RIESEMI, B (Y, ) % (Y, 7) RELWS. B 7 C Tr.

2.4 ¥

52
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3 PSet03-1

(1)[Universality of the induced and co-induced topologies]

Prove Proposition 2.3 and Proposition 2.8 in today’s notes.

Wl 3.1. % Z A—ANEIER, KT X A F5dadh Rawkst f. 7 - X RESH LAY
BN foof: Z =Y, kG, wI, FihFedl f&"iif-/ﬁj/ilkt PR 8 3641

JEHA.
Z —> X

N ifa

o B fRIES, WA fao f VENESMST I At RELL.
o BB foof RELEN, BHE £ORELN, HEXM X T
Sr={fa'(Va)|Va € T}
WA TERIIRE 7 (f7 (Va)) = (fa o £) 71 (Vi) #RTIFEE. IXBOLEN (fa o f)7" 4L
o BT R X iR MR

- &
(Xv y}') % (X7 y)
S

faold=fa l °
Y,

FR (X, Tr) 12 Y, RSB, FiLh (X, ) -5 (X, T) REsm. i 7 ¢ Tr.

- %8
f
faold

=fa l °
Y.

(63

HHR (X, T) L% (X, 7) s, Bl (X, 7) 215 Y, REuy.

- &
(X, 7) (X, Tr)
\ ya
KR (X, 7) 212 Y, REgmst, Bl (X,.7) 2% (X, TF) RESWS 0 T ¢ T,
O
W 3.2. & Z REATH. MT Y A F REFHI 2K f:V 5 Z REGHLARLE

MBS fof: Xa— Z AkG0. b, Fisgas 1%%‘»#6#];5«@&&“&&6’3"1’1 4],
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TR

o B fRIE

o B fof, RIELR, BAF f &%
XREVAEREM o)
LN f o fo REIESEIN.

o it 7 WY BRI,

- %8
N l
(Y, Tr)
FA Xo 225 (Y, Tr) RESEHU, FTLL (Y, 7) % (v, 7F) £
— g
X, L (v, 7)
idm lid
(Y. .7)
BN (Y, 7) L (Y, 7) REgmst, bl X, 25 (v,.7) &
- %8
(Y, Tr)
N l
FA X, 1o (v, 7) RIESME, T (Y, ) -5 (V,.7) i

(2)[Neighborhood basis]

Like a basis, we can define a neighborhood basis (or neighborhood base) as follows:

By, M4 fo fo MENE

% F A8 d Fo ik F 464

X, Ly

N
7

SR AR

~

B

jéE(J’ EﬂXﬂ"{f% U e yz, f_
LHHO) 2 Xy FITTEEE, B (fo fu)™

54

"U) 2 Y TR, #E X
"U) 2 Xo PRI, XK

gt Bl IF ¢ 7.

HELEMUR

Bipript. Bl T C T

A family

B(z) € N(x) of neighborhoods of z is called a neighborhood basis at x if for any N € N (x), there

exists B € B(x) such that B C N.
(a) Express NV (z) in terms of B(x).

(b) Define a conception of neighborhood

sub-basis.

(c) Write down a theorem that characterize the continuity of a map of f at a point = via neigh-

borhood bases and via neighborhood sub-basis, and prove your theorem.

TR
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(a)
Ng={AUB|A € P(X),B € B(x)}.

(b) x MR S(x) C N(z) BRRME o MRIARIRFIEWIRIMER N € N(x), f#1E S1,---,5, €
S(x) 4% () S:i C N.

()

EE 33. X =Y Eaxgec X iEgS HREMEE f(xg) 894K N, A& Bec B(x) 1%
# BcC fH(N).

TEH.

o W fTE xo MbELE, MIXMEE flxo) HIARE N, 1R4E zo HIARIR M 16183 M c fY(N),
¥ 8 MAFTE B € B(z) i3 BCc M C f~'(N).

« B B(z) C N(z), BBl f 3L
O

FIE 34, [ X =Y Eayc X RiEEL ARG EE f(zy) WAV N, A& ScS(x) £
7S c fYN).

TE .

o KN S(z) C N(x), FrbL f iE4E

(3)[Topologies on RY]

Consider the space of sequences of real numbers,
X =RV= {(Z’l,IQ,"')’xn € R}.

On X we have defined three topologies:the box topology .., the product topology Zproduct, and

the "uniform topology“ Zniform induced from the uniform metric
duniform((Tn); (Yn)) = ilelll\)l min(|z, — y,l, 1).
(a) Prove:Tproduct C Funiform C Thou-
(b) One can also regard every element (z1,z2, ) in X as a map
f N>R, n—azx,

and thus identify X with the spaces of maps M(N,R). Define the pointwise convergence
topology 7,... on X, and prove .7, .. = Jproduct-
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(¢) Fix two elements (ay,as,---) and (by,bs,---) in X, and define a map
[ X = X, (21,22, ) = (@121 + b1, a2 + ba, ).

Prove that if we endow X with the product topology, then f is continuous. What if we endow
X with the box topology?

IER. X =AM A 2

Broz = {H(mn —Ep, Ty + sn)}

neN

Bproduct == {H Un|Un S %7 ﬁlza/[\ﬂéﬂu(mz — &, X5 + €i>, ﬁ;%%ﬁ%R}
neN
{a)|lzn = yul <e,n € N}\OB((2,),e) e<1

Buniform = {B((xn),s)](xn) € X,ee R} ,B((zy),e) = {
X e>1

PRI T2

Sproduct = {H Un|Un S L7]]&7 Rﬁg/l\ﬁﬁﬁﬂ(% — &4, X + 81‘)’ /H\:é%%lgi%R}

neN

(a) g‘iﬂz %raduct C <?uniform’ /E\[%?ﬁE Bpraduct E‘jﬁ%’%%ﬁ% <yuniform EPJ:F?EK ,fiﬁx (yn) S H Un’
neN

FIE—AN e <1MHH (v —e,yi+¢e) C U, ZEFN U, FREBERMNEW (2, —e,2; +2). N
ifi (yn) € B((yn),)  [] Un-

neN

FAE Tuniform C Thowr RATUE Buniform TICRERE Fpoo THEX BRR Foo TIFE. X
T {wn)|lzn — yul <e,m € N}\OB((2,),6), HHEH {(yn)||lzn — ynl < e,n €N} € Byow M
M2 Thow T ABEARIE 0B((2,),€) & Thow THILE.

(b) Ty HTH
Spe. = {w(f,n,€)|f € M(N,R),n € N}

Sp.e. FHITLE w(f,ise) 5 Sproduct FHITLE H]R X -Rx(f(n)—¢e, f(n)+e)xR--- HE
#*Xﬂ'@ ﬁ%%ﬁ Sp,c. = Oproduct? l':[i%ﬂjiﬁﬁﬂ‘]ﬂi%&%*ﬁﬁ%
(c) BHER fiZs:, REAEHIEFTRERMIEBRITE.
"l/ﬁ a;xr; + bz eR, )I_I\IJ x; € R.
154 a;r; +b; € (Ci, dz);
. % a; 7é 0, )I_l[J xT; € i(ci —bz,dl — bz)
o 47 a; =0, M z; € R BALEE ;.
MU BAE, ook H V., RRBRE LR, Eavm H U, HH U, PR B4
neN neN

WEANF V, hdE R (%0 AR, A [ U, BREFTRETRIFE. Hik f %4,

neN

AIANVRT X FBadh, BOAPMEHINARARGE T, 5 EEARRFRIERT R, f RIHESE
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(4)[Countable basis|

We say a topological space (X, .7) is second countable if it admits a basis B which contains countably

many sets.

(a) Prove:(R, Z,suar) is second countable.

(b) Prove:(R, J5orgenfrey) is not second countable.

(c) Prove:(RY, 7, oduct) is second countable, while (RY, ) is not.
TE B

(a) B={(a, b)’a,b € Q}.

(b) Tsorgenfrey = {U CR|Vz € U,3e > 0s.t. [z,2+e) CU}.

e X, AR [z, 2 +¢) KIXTAZ (R, Tsorgenfrey) THITFE. W B & Tsorgenfrey MIEE. 1%
%X, Xﬂ‘ T € [xl,xl +51), ﬁf—‘/[\ B1 C B 1%?%5“ xr1 € Bl C [$1,Z‘1+51). [ﬂfﬁ%; Xﬂ‘ﬂ: I 7£ e
By 75 Bs. Z:;U‘ji& r1 < T I)_I\IJ T, € By 1@ 1 g Bs, .[H: B, ;é B. }‘Aﬁﬁ B Z:E‘I‘;E&

(C) ) B: {HUn|UZ = (ai’bi)’ai7bi S Q,Z: 1727"‘ 7m’;H\:é§Uj :R}

neN
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EEZE])

1 E¥hib

1.1 ik

- RERAN R T URE R R R A ) EAE SR AN H R OT L S RIBA TN 55— PG
ECEE Dl 11 PR EECE

FL LA ARG AN 48T L BAOR AT LKA G5 B AR 15T 4 D 8 1 B Bk
fHOL HRE, BUOVEARRE R AL, e 2 T UM S8R .

WX B—MAIEE, YV RIEBES, ¢ X =Y 2N Y ERRIFEFHINN ¢ 1F
FHIE RS,

W X MY #2mhan, RS ¢ X - Y Z2EBg e st 0 Y B2 ¢
FRMREA. —BA0E ¢ RS, WERBMSMMREN V 2 Y THELMHEM Y ¢ (V) 2 X
HOT AR, INSE ST B RITE A 7 R A #8023 S it

Y — AU, AR p~'(y) & p EMR y e Y LIAF4E

TR 4%0T S, T BRI A0 2 T

A MG R R /R AR AN 2 L7 50 4 E MR TEE (X, Ix) B X B NMER G R ~
IEAFRATOT LIS B — DN HEMRHRIHERTE Y = X/ ~ =P EARE p: X - X/ ~ 2 —
[x]. FERXFHEOL T, BEALFYER — DA . TR B W 75 3 R A 1 S50 58 R 75 3 I R FHAE 19
W NEM KRR, BATE BRI, BRWS: S Ml f X >V, EEST X LK

1.2 2R
HAEMR. d

#IL 1.1, p(X, Ix) — (Y, %) B, f: (X, Tx) = (Z,Ty) &%, #HZ [ = FHEHE—A fiber
LA FIFEFTABRGELERH f:Y - Z.

58
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1.3 SEEIEEE(E)

1.4 #E: ZR—1ZEEFRF—T RS TR

1.5 Hi&:
1.6 #hi&E:
1.7 #iE: HE=SEF0

1.8 #J1E: ARESHE

59
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2 BMERSSHEHI

2.1 [EIREEE
XFPRAERUE (0 %A 00 SCh I A 0, HIRRIA X R A8 5 w2 i
EN 2.1. % X 2—ANdsdlhz i,
Hom(X) = {f: X — X R R=}.
BB, AEFGBRMYLEST, Hom(X) MM —/ANBE, MM X 49 R EE.
FTUAEZ RN X, FATRRHA — DRERIR X FESRFHTEWE b (R0 FRPE.

2.2 EMEH
Rl 2.2, X X AEIENE, # GOX, RLARRSS 1 X — X /G ZF A
EH. MEEUCX, Gt =JoU.

geG

R U BT, B oo gr RFENE, FBA gU RIFE, M ! (n(U)) RIFE.
MESINE S, m(U) RIFEE, M 7 A TFmLST. O

AR, TAEE G et E R X Eey—NMMER A — AR R
7: G — Hom(X),
BHEEAR ge G HR—ARE 7, X - X, HE
Tg©OTh =Tgn, Vg,heaq.

FERBEATE AT UM E r R— A, BRI LK G B8 G/ ker(), LLEAAK TR
TERTE X b XFER—MERRCO— N BSE A,
2.3 HuEMIEZTE
EX 2.3 b2 — /%G A X LR, r€ X 9HERESL

G-z:={g-zlgeG}.

TRATTRE T BUE N I VR 20005 b 0 A0 Sl T SR X B AT tH — AN R S AR ]

il 2.4. /& S" AL S xS i@t

oler (ei01vei02) — (ei(GJra)’ ei(6+\/§a))'
R2ACHPERFE St x ST Lo —% “HEHER” .
BATTLME X BRI R Rt

r1~xy <= JgeGst. xy=g- 2.

BA)il, X PRI TCER RSSO HOCEEN AR — D PUE . B 5 IR MM KA.
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EX 2.5. b7 # G EEI=ENE X L—MER, S TR EX AT ZTE X/G =X/ ~.
FIT LAY E L, BB A “BUER A E])7, T a4,
5] 2.6. & Rog fEAREHEGREEALER £, B
a-T:=am.

2R A ZAHE R, {0}, Reg ALR, B ZAEZALTEAK, {+,0,—}, HHME
=) _E ey a4l
{®7{+}7{7}7{+77}7{+7077}}'
2.4 fF
2.5 filF: Hopf ZF4EMN



CHAPTER 6. ® 464 62

3 PSet03-2

(2)[Cone and suspension of S"]

Prove the following by construcing a homeomorphism for each pair of spaces.
(a) C(S™) ~ B"*!
(b) S(S™) ~ S"*!
(c) B"/S"! ~S".

TR

(4)[Quotient map v.s. open/closed map]
(a) Suppose p : X — Y is a surjective continuous map. Prove: If p is either open or closed, then
it is a quotient map.
(b) Construct a quotient map that is neither open nor closed.
(c¢) Let SO(n) be the special orthogonal group. Define a map
f:80(n) —S", A Aey,
where e; = (0,---,0,1) is the “north pole vector” on S™'.

(i) Prove:f is surjective, continuous and open, and thus is a quotient map.

(ii) Consider the natural (right) action of SO(n — 1) on SO(n) by
B 0
B-A:—A(O 1), VB € SO(n—1),A € SO(n).

Prove: the orbits of this action are the fibers of the quotient map f.
(iii) Conclude that SO(n)/SO(n — 1) ~ S" 1,
TE B
(¢) (i) o XMEEIIFEecS™!, ey MR W—dbrdEIECH, HBAIER A 1)%51,
IHAE e Bl 5 —F. A |A] = -1, W4 A KSR — M5, kit ok )
A€ 80(n) Wia Aey = e. RIIL f /25T,
o |Ajer — Aseq| = |Ay — Ay|, B f 52 Lipschitz B AT A2 S B
(i)
(iii)
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RHAE: RRS. A8, RERFEF

1

] &5 FOAR PR &

WRIREBHE N EGZMENTRER, RS RIIR 2 — D ERE SIS, B A
ARG, WA A ARITER, MALAE z € A ERIMERBITER U BiL z € U, BOLUNA # .

MERA R BR3P SN — 5, SRR — N IT 4 Gt aT BLBCN AR 1Y
AU EATRER R E A HENITER D B BERARIF H 5 AL XAz A
P R 7 SR PR AR AN 2 AR AR PR A

HEH AN 6 7 BN K 2 Zm/ﬁ%/?)txl%l‘ﬂé%, I HE R R S22 . HXIFAZ IR
SLRAMESR S IR IR R IEE A, Lt { ‘n€ N} AR 0 HERED FHZINLA.

n

SN R AL, — AN R IR LS S T SRR, AR B0 T
UhAAEl] X, — AR RA X HISE, U RRTIRR R X i 5.

WER 1.1, A PAERLFEAFINGFIIMBE (£ X PMR) 2 A GMIRE.

B B r e X 2 APIERAEEFI {a,} FFFIRR, T EEEE « KL U, F4E N
BRE >N, a, € U. BN {a,} PRREFMEFH, HiL UnABZPERANITR, 201
TLEANR z, B ANU\ {2} # 2, FIbz 2 A FHRE . O

W 1.2 X X ARF—THZH, re X & AGKRE, BAHEELE—F]E {a,} WEF x.
IER. PN X %W, fAE o N RIEEOTEE U, DU, D --- DU, D -+ -

Rz & A BIRRRR S, BBl ANU,\ {2} # 2.

£ ANU\ {z} FEE—ANICE a, AEFH {a,}, BIEEWECT 2.

EAEEN L, XEMAE T e AR,

MTEREE » FHFE U, BAEENE X, 716 N, fif§ Uy C U.

HEAIMIIE, T n>N, H U, cU, NiXT n>N, a, €U, B {a,} WHT 2. O

1.1 FEMAE

B (X, .7) bz, Ba X FRIHEGHRRLE 7 hrgeER, X PSR AMERTTE

MG EE SO THE A C X aTRGRITI. PR BIJT ST BB AN T SCAS AT

63
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ENX 1.3. —ANFELARAZF T, 4o F B F L.

B, EARTIRINT AT, o X S TR, X T EBER Tiscrete, ERTERERZ HITH).
BATVIMRZRE A

5 1.4. £EEAEF

1.2 —RfA

1.3 EEZEPHENZIE
1.4 #hib==EFRIFSE
1.5 AP AIESREE
1.6 RS

1.7 RRR SR EASE
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2 HE. AR5EF
« WACY CX. Ay M Ay HHHAREMKR?

— B, HEA UE X PEAEY PRISE A R AL XL Ptk

* B ARMZIED, H— AN RPES R YIRE (FHL EAE) g2
— BRBEREE, Y RAR A IR SR T X R ASE A BIRIR A
x Aol BIRFFEAR TIHAE RIS Y SN SR A A M.
- é/%tﬁﬁﬁi, Zy C ZX’ ZX ny :Zy.
2.1 FEHAS
2.2 SRR
2.3 BEIARENHMTNE

B {Ao} R—IETHE ML A, | Ao il

4. cJ A4

s, (s # Ao B0, 72 R B, BT T # U () BERASH S, A 0%
o @ reQ reQ
& {r} £ R BRAIF XA B ZRAERATGIABL T & LA “ AR If = JFr e ” XAk

EX 2.1, X POFE% {A,) AR BDIRA RGP E v € X, HAFE U, #1F v € U, #
B ANU, 40 RABAREA a R 2.

W 2.2, W R o REHIA LG ER, A
U A= U A.
Aceof

Aed

B9, RAIRFEEN R ROER T, | Ac |J A

Aco Acal

FILBAUER z € | ) A BRHEREE XL, FE o H—DIFER U, (453 U, 5 o TiH
Aca

BRAS A MHAZS. ARk, FiXee A Sk Ay, - A BARAT—EH

reEAU---UA, C U A,
Acod

T U\ A R 2 A ARSI, T O
i=1

Acd
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2.4 HAASZIEZEE
2.5 FEHAIB
2.6 AFSHEAIXHE
2.7 AEEIMER
2.8 WEESTLPESE
MM PNES, FATREW € X

EX 2.3. % A AIEN X 49T %,

(1) #r A £ X FRAFLR A=X.

(2) A A X PRARAENLE A=0

o —fCKUL, A RMERIAME A RITAMER,
A=X = A =g+ (A) =0

B2, 29 A RIER, A° R, A°= Ac, MW A RSN T A Ko % .

2.9 KEWBF

A TR 5A RS, AT AT PLE LESRLF.
EX 2.4 (L), £46 AcC X HARZLH 0A:=A\A.

VERE R AT 2.13, 04=A\A=AN (A)° = AnAc. e 2.7, TG
Wl 2.5. 2 € 0A THMEMEE o WFARR U, UNA#£0 HUNA# 2.

FEIE. BRE L ZFRMTAE X PBALZH X = AUJAUA"

EEWIL TR — M RIS, WRIATSRE S LRI AR T s K A2k, tean, =%
18R RREFEAA, RIS Q = {(2,y)]o? +y? < 1} ISR EGLI ; aabs  E AUE R
M5, BABMMATREAT. WREEREMHE R W70, o B 0L R
2.10 BFHMR

FAVH 2 b A ] A S B8 SR TR A
®H 2.6. it (X, 7) A4E4EH, ACX AT%, NZ

(1) 0A ZH%E.
(2) DA = DA°.
(3) OA C DA, 0A C HA.

(4) 00A C DA.
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(5) O9A = DA B ALY DA RAAE.

(6) 44713, 9ODA — DOA.

(7) 408 A AFESUNE, 2 OA= 5. a5t 2 A BT SUAT 2 0A RAAE.
1EB.

(1) BEAERMAHSE AT A [A24R.

(2) 04 = ANTE, HxHFREE A,

3) « AcA, A=A

« A=A ACA

(4) HEH = € QOA. BN = ¢ 9A, BT X AALHH X = AUGAUAS, o VIETFHE A 5JT4E A°
i, X5 ¢ WEEES 0A HLIEET)E.

2.11 #hRfP=ERSERE: AR

FATHE Lec3 FHEZRIFTAX LN HATRRNE PR “ 307 dhdhzim). e b, BATANZE T =
D TARANRI DT 3k 58 SO NG, A BEXS EEMIE T2 7 IESEMU . e, JATH 20
TRl s AR E R A A (R Y Vg !

EX 2.7 (Category). —/ANiL% C &1 F 7|35 4K :
(1) —% Ob(C), HEAFBARAIME.
(2) —% Mor(C), ALFAMZBES, HL

o BABH fA-ANRME X cOb(C) Am—AHe3 R Y cOb(C). i f: X =Y, %4
“FRMAX Y B—AEST LA X B Y B4AFREHH Mor(X,Y).
AH XY BEEH g Y - Z WELERANEH gof X - Z, HE
(a) () R A f: X Y, g:Y > ZHFh:Z W, IR4 ho(gof)=(hog)of.
(b) (#42) H£& X € Ob(C), AEBHFSH Idx : X - X HRMNEESH f:Z2 - X

FoZHt g: X =Y, Bz Idyof = f,goldx = g.
5 2.8.
(1) d&db=1a82% TOP,
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o BRI R 1 218 69 i Lk 4t
(2) M¥F L% VECT,
o Ob(VECT) = FiimE =,
o BAtA R EE A Z A 6 K B
(3) #£iE" GROUP,
o Ob(GROUP) = FiA #,
o« SHAHRL.
(4) B4&5E% SET,

« Ob(SET) = Fih 4.
o BHAKXFZ.

(5) —AMabE i (X, T) 15— ek,

. Ob(SET) =X WM HFE.
o BHAGABS.

68
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3 PSet04-1

(1)[Continuity for (A1) space]
Let X be an (A1) space, Y be any topological space. Prove: A map f: X — Y is continuous at xz if
and only if it is sequentially continuous at z,i.e. for any sequence z,, — zq, we have f(z,) — f(zq).
JEAH.

o ESMEEFAIES: FIROA S .

o FHIESHERES:. BB f ANRESBES, WAFE f(xzo) MBI N, 43 f~1(N) DI 2o HI46
. RN X R, BT @ A ATEEBEEE (NP}, B fTH(N) AR @ AR, PR
FEAE 2 € NO\STHN) W {an } WESHE] 2o, AH f(an) AL f(20), FE!

(2)[Closure and interior in product space]

Consider the box topology and the product topology on H X,

[e3%

(a) with respect to which topology, do we always have H A, = HTJ

(b) with respect to which topology, do we always have Int(H Ay) = H Int(A,)?

[

TEEA.
(a) ZEES T RAIAHHKOL.
o HA - HT 1EHL (24) € HAQ, {EHY (z4) FIFEATER, R — AN 25 FIE

SR Uy © Xy 5 Ay T W Uy x [ Xo R (20) 105 [T 4. s, e
a#B

e 17 € T] Ae- (R (20) € [[An> BEEXEHEEEHRA U, £ X BTF40

HUa’ ﬁHUamHAa#g’ Eljxj‘/fE%: (%) UamAa#@7 iz%y\jmaera-

250 LR UE B AR U T R T AR IR SR 1 .
(b) HE&E XTI AN AL, BT, WS ZA X, FFERZRBE T 4.
[EE = WARR R A
« Int( HA C Hlnt ). FEHL (24) € Int( HA TEAE (20) FOTTARIE HU C HAQ,
J”JXTE% a B 24 €Uy C Ayr B (24) € Hlnt
o [[nt(An) € Int(J] Aa). FEHL (24) eHInt ), SERE o, FA1E Uy (845 24 € Uy C Ags

)ﬂj (za) € [ [ Va caH Ays B (z4) € Int(H Ay).
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(3)[Characterize continuity via interior]
In class we proved that a map f : X — Y between two topological spaces is continuous if and
only if f(A) C f(A) holds for any A C X.Apply the idea of ”open-closed“ duality, write down the

corresponding characterization of continuity of f via the interior operation, and then prove it.
W31, f: X > Y #HELEHMRYHEE BeY R f(Int B) C Int f~1(B).
TEHH.

o W fiEZEInt B AL, Hik f~(Int B) £ X A%, FHEET f71(B), FAInt f~'(B)
T fU(B) REKIFE, Fik £ (Int B) C Int f~1(B).

o EF f ESRTEFENFGRIE T B 2 Y hIFsE, B4 F(IntB) = f4(B) C
Int f~Y(B). i f~*(B) = Int f~'(B) &JF4.

(4)[Closedness of the derived set]

(a) Consider a set X = {a,b,c} of three elements. Let

T ={@,{a},{b,c},{a,b,c}}.

(i) Check:.7 is a topology on X.
(ii) Denote A = {b}. Find A" and (A’)". Is A’ closed?

(b) Let (X,d) be a metric space. Prove: For any A C X, the derived set A’ is closed.
(¢) For a general topological space (X, .7),

(i) Prove: If A C X is closed, then A’ is closed.
(ii) For any subset A C X ,prove: (A") Cc AUA'

TE B

() () « @.{abele.
« {a}uibcp ={a,bc} € 7.
* {a}m{bac}:@e 7.
(i) A= {c}, (4) = {b}.A4" FRMI%.
(b) B (AYAEH (o} (615 2, € ANBa, ) AT 20 A1 (i} 668 200 € ANB(i, 1) I
2

k(i) 785> KAE1S /c(lz) < min {d(a,a:i), 1} WA FEF) {2, k) } HR 0 < dla, @y km)) < -

BUL o € A's M (A C A’ M A" B4,

3

(i) AUA' =A=A=AUA =AUA =AU A U(AY, I\ifi (4) c AUA
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K EXMERE R

1 &M JHENXFGF

1.1

1.2

0,1] BYMER
EFHEMRIENX

FATR T2 75 1 — L858 SR

EX 1.1. & (X,T7) A=, ACcX 2T4%.

$k U ={Us} #AFMN A 9FEWR AC| U

BE U BARNGHRE 240 RCRA R
BE U BT EEREANALE U, RITH.

BEYV BME U NTEELR YV CU.

BE Y B U WhemnRAET VeV, AAEAUEU #FV CU.

PATRLZ R 277 5 55 04 2 T ) X
BUEFRATH [0, 1) AIASEZ T4 24 [ A S O 25

EX 1.2. % (X,T) B2 H),

(1) M4 X & X PREWWRE X WEEFEE % ={U,) AARTEE.
(2) AR X ZAFFNEH W REZTFD 21,20, -- € X FAKT I 2,20y, — 19 € X.
(3) &M X ZBREE G RFEZTLRTE SCX, S #0.

SEID. X ACX AFE, MAKMNE A LR /FIE MR EE RS RIVKT A T2 s

TR IR IR SRR, B 4 L

e ARLARSEMEE X FHFERU={U,} BE AHRAARTEE.
o A FIE L B S HEEF I A M T ] Glsks] A1) .

71
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1.3 EMaBlF
Bl 1.3. ABRKZE R ¥, HARANGELREEYE ARG FIE LSRG MR EE.
Bl 1.4. & X = (N, Tpiserete) X (N, Tiviviar)-
« R¥: R U, ={n}eN.HL {U,} RFBEEQEHARTFE.
o« REFE: FF {x, = (n,1)} EHKETF 7.
o MREYR: FRE, WEE S40, BMA S #2. BAE (mo,no) € S HE ny #ng, A4
(mo,n1) € {(mo,n0)} € 8.
1.4 JFMEMZERXR
MR RRPR AR R = B B 35 1 — A
WAL 1.5. & X REFEi .
(1) %% X REW, TPACELRIMESE L.
(2) R X RFFVE0, FACHRMIEEEH.
TEBA.
(1) ¥ X 5, SCX RIEERTHE
WS WAHWMMRA. e S RAERA S =2 C S
MHEER aeS, WA a¢ S, FETE U, e X 15 SNU, ={a}.

k
W4 {S°,Udlac S} X M ATFE. WEW, 171E ar,- - ap € S 673 X = S°U| U,

i=1

WIS =S X = {ar,--- ,ar} RAILE

(2) BT F IR F IR RERIR £ 1T S RTCIREE, Prilgith — DRI LR o R Al
R IR,  Fr VB 7PN B2 e A HAR P A1, AT H e 51 S P A B PR A

JFiE. RAEM KA 2
1. B 5P % LB A
2. SFEEER, %, FAE, HREEEEFNG.
1.5 BEAEZIEZEM
I RS AR 2 TR s, FRATRENS i BT EE 10 78 SRS AL i Bh PHEE IS5 AN 8 X

k
o X =JUs» Uy I = BHE Us,» X =| U,

=1
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k
o @=(\Fa» Fo WM = {71 Fo,, @=()Fa.

i=1

k
o RHERABIE (Foy, - Fay} L () Fa # 0= | Fa £ 2.

i=1 «
TREAFH

Wl 1.6 (XMW AEZIE). B4 =h X RENSERSCHELTIHR, 2R F ={F,} £—
7k H AL FFAE A TR
F,Nn---NF, #@

M2 (\Fa# @.
TERNHER, iS5 3]
#it 1.7 (FEEEH). % X %4, FH

XDODF DF,D---

RIETHAEEFT, W4 (| F.#02.

n=1
1.6 BEEHFEZRIEREM
o TER AR ARE, MRNFEANIEPE A TAME S AR &

AE R 2 i R 2 B A AN NI B 50

WRR1.8. X BA (X, 7) 69k 2 X RENLENRY X WEEABEZUCBHAARTEE
JEHA.
= VL.

=WV EXWHES, MEErsceX, FHEU, c¢BAMV, eV 2cUx CV,.
HA {U,]o e X} R X WHEES, 2 Uy, U, 88 X =JUs, cUVer BIE. O

i=1 i=1

H AR 7 R XA il ) 1) 12

EIE 1.9 (Alexander THEH). & S & (X,7) 69F4. 2 X REHYHME X e9E&EFH
BEUCS AARTEE.

LNEFIE, B RIEN ERAERS 2 JF HSEhs L iZamel S Tk o B !
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2 EMadar

2.1 &t v.s. EERRE
2.2 FERRE
2.3 RX=ZEMITFEE
2.4 % v.s. Hausdorff
EX 2.1, % ACX —AT%,
(1)
(2)
B) NMNEEVHRAUNTEEWRYVCU

FlB. TEE, VYALFLLU FLE.
BEW Mt hotmin RIEE U BE—A

EX 2.2, ##F (X,.T)
(1) B89 REEFERAARTEE
(2) A3 % AT F FIHRAOICSLT 7
(3) MM EFWREATEENGE S £ 0

Fig. AR A C X REW/FIVE /MR EE G4 RCAET 2B T AR /57 %6 AR
R )

5 2.3. R* ARXAEFNTEREFOHTHINERFNT R LR
15‘.] 2.4. (X, c%:ofinite)’ ”ié;]

. WX RN, B X =0, Eif X AR
R zeX, o X', FEU, B8 U, -{2})nX =0
BTl U, ZEIT4
U {a} R—ITE .

zeU

WX EFPIIERT, O
k
XCUUa *&Hﬂ X C UUaLv

=1

Wl 2.5. & f ;E,_/\ SRt e A RRH, MACHBEEZLE. R A ZFTNE, IRA
C AR P Kb
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3 PSet04-2

(3)[Countably compact]
A topological space X is called countably compact if every countable open covering of X has a finite

subcovering.
(a) Prove: Closed subspace of a countably compact space is countably compact.
(b) Prove: Any countably compact space is limit point compact.

(¢) Prove: Any countably compact space if and only if it has the nested sequence property: for

any nested sequence of non-empty closed sets F} D F5 D ---, we have ﬂ F, # o.

(d)
()
TR

(a) & K C X W%, (B0 K A0 ES | U, KU U, & X IWATEOTER. b X 2

n=1 n=1
WOR, fFEARITES KU\ U, SR K OERITER. T K0 K= o, 5k | U
=1 =1
& K WAMRITER, MM K & HUEm.

(4)[One point compactification]
Given any topological space (X,.7), we say a compact topological space Y is a compacti fication
of X if there exists a homeomorphism f: X — f(X) C Y such that f(X) =Y.

(a) Prove: both S' and [0, 1] are compactifications of R.

(b) For any non-compact topolotical space (X, .7), define a topology -7 * on the set X* = X U{o0}
T* = ‘?U {X"} U {K°U{oo} |K C X is closed and compact} .
Prove: 7" is a topology on X*, and (X*, 7*) is a compactification of (X, 7).
(¢) Prove: the one-point compactification of N is homeomorphic to {0} U {711|n € N}.

TR
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(a) o ERARIREC.
e f=arctanz.
(b) o 9, X" €T
- UK U {0} = (ﬂKQ> U {oo}

TSR ER AR M, BEMMTEREE, Fl (K, BRAEREE.

DRI 2 5 (ﬂm) U{oc} € T

- R U €T, UUK°U{co} = (U°NK) U{oo} € T".
— 550 BRSSP UENL, ATR T HMER IR R .

Qo (On) vre
— 510 (K°U{o0}) :i:(}mKC S
AR GBS, TR T A E F .
. BB X F) X AR, TR,
(€) FEX @m0 > 0. FESHRIEEIE A
T EIE R {0} U {711|n e N} b FF KA ARET: TSR {}1} HRRTFY,
B (0} TR, BAEEEE 0 WHKAHEEEENE1 -
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EEZE PR E M

1 EEZEphirEEMIERINEE

1.1 EEFTEW—LRFMER
il %
- FC X 2WELHCYEEE AT

« RIS L.

C ORI X PRI, XA E SR AEE TR AR ST S EA ST 4.

COMBATH AT A C X FAIER, &ﬂ]ﬁﬂﬁ’]ﬂiﬂ‘m? Sl EIEZEE

- HT RS, EWRERITEAS X b A ZHMOHE AL

- AETAE AR ST, ERE XN F IR —E - A T AL

- “F ¢ X RAELHNHEBSEIARTFIIRE” dhiflsk, a2 X
PSS! 1R

- AFANAR R UE B R 2 R X BLIA B B Hausdorff ! A Hh 152 F B UCSUT F1 AR R
ME—1 A

— BT A Hb 7 8] R RS 1 2 2 HAY 2 e A i 4L

o Hausdorff.

— FERERIP R R AL,
« R, AR AR
— WU FIAR R ME—.

o« IEM.
% (X, d) A EREZN, K EREER 7, Rk
B={B(z,r)|z € X,r €Ry}.
PRI ARE AR AN A A, R A V2 R I

7
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(1) (PR E—5, BOAMERE v € X, fAE— A nIEf 40
B, = {B(z,r)|r € Qso}.
TERHER, ATE

o FFC X RMAELMHMNYEBEECHAENFIIRR. Fealth, (EAFIENESE X F2
P
o LS f: X =Y BIESIIY HACYERTFIEST.
d(z,y)

@)E%E%é@%ﬂmmmﬁ%,H%ﬁ?&%x¢yex,M%&mm5=—3—>o,%z

B(z,6) N B(y,d) = @.
TN, BATH
o JEEAS(E] PR AR M.
o Finl, AR {x} M.
o JEEA A PR RECSUT SIARER ME—.

(3) e b, EEERET, TAINMUBIEA R SR ED BITR, IERER A KI5
AAZHIFFEE S IR AR B2 MW 1 Urysohn 513, X1 X P{EEAZMMSE A M B,
FATREWG IR MELEWUN X — [0,1] E45F f £ A ERMEN 1, £ B ERUEDN 0. 4551
&, AT fH((—oo, %)) Al f_l((§,+oo)) FrrgE A A0 B 73 BT R, XRE IR IME BT AR
VEIERF B 5 S PRAE T PREEIT 7T

IR, XTRA P KRNESFAR A — A6 R, de: BM, H TH0M, EdM. ZRERK
B AR R A AR 2 E O A i R
1.2 EETFENEEEA: AAM
FERTHRATE LT EETHE (X, d) THTE A NER
diam(A) = sup {d(z, y)’m, yeA}.

PATEE BV EARNA FEA S B A WK RS M INEN R, BERTREK
EA, BE-PMARAEGILRLT. HE, BHER

W 1.1, HEARESEIRR F LT E T % H.

TE B O
NI

il 1.2, & (X,d) PORE/FIVEERAARRNE, FLINHREEBI SN EE R L.
M, 2 BB TG ENA 2 BRI )T

fl 1.3.



CHAPTER 9. B = yayi 79

(1) (N7 ddiscrete) 795 (N7 ddiscrete) ‘:}j%ﬁﬁlﬂ%
d . d o
(3) ((Oal]adEuclidean) 7% ((07+Oo)adEucliean> *ﬁl]ﬁﬁ]ﬂ%

LERIE, AT AEARE OV AE R A v 220 i KA S5 2

1.3 EETENEEERE: T2A M
o BRIIE, BARGINZA “ERF LT, MG “EAERIRINENER AR .
o WX EERIRINEM R NG A RAKEFIRUER), MK B E L) “ 52 e A,
o FFm I R BVF A S Y.

FEAFAIRT AL BTG5 (1)(2) 25, TRERIVENIShr ERIRZE WA R0 EATGEwH —
ANRERE FEAT, BT BEABE A IRAS /N B g AT,
LERFEN TR N, RVEGHRE S L.

Rl 1.4, R (X,d) REMRFINEY, MACEAZEREFN.

. B = TAHR{B(.e)|r e X} HHMTHES.
A% = AR BE X AEef R, BHFEE e > 0 8 X AREAREZA - 2RE .
W 2 € X, BN X\B(z1,¢) # @, WM 2, € X\B(x1,¢).
P %, BEIFA {2} 2 d(n, vm) >, V0 #m. FTLl {z,} BEWSTH. FJE. O

1.4 EETEMEEEM: Lebesgue 5|

H—AAEEA R E RN PTER Lebesgue U513, % T BRI (A 3RA T C 4 W ix A~ 5] #.
BUERAN T e HE B R a3 (h):

Wl 1.5. R (X,d) RFFVE6, MasEE X OFEE U, HE 6> 0MEFHEE ACX
A& diam(A) <, RELEUe U #F ACU.
1.5 EErEMEEEE: T&l
AT B R AEE A R R EA RIS R 2 &t JATFHE
EX 1.6. 220 (X,d) Y857 {2,} #AE Couchy 7/ R3tE& >0, AA N >0 17
d(Tp,xm) <e, ¥ n,m>N.

EX 1.7, &AM (X, d) AXE&Q R X F84EE Cauchy T AN,

1.6 FE: T
EX 1.8. &Mz gkEEm (X,d) AESEN (X,d) HZENWBEL—ANEEHAN [: X =
X %4 f(X)=X.

KT U, KRR 8 BOFRAE % B9 Lebesgue %t
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2 EE=TEPEZMHEMAFNE

21 EETEHHRRAE — FIE
TATCALF BN TAERE R,
B = MRAR < FIE.
WATE SRR — DG
il 2.1, AT REEE, FIEFMNTRREL.

JEA . W BRI R S A R R S R ST .

W {z,} 2 (X, d) FHRIFS.

R A= {z,|n e N} RARE, Wb EEHE, {2,} A MEHETH, A5,

WmR A RTRE, HWELE, A #£0.

IR Z AT, EE—TEE A F, RS IZES TP IENFIRFHIRR, XFEESRIXA
SBBLTESS 7. (H RIS ? 0 8] {0} 598 A= {oa|n € N} AKX B, R4
MERE T {2z, ) M—DNET5, AMUE A F— ST, Ft, REER, T 58
FATHHIER, FRATEZH 2] Hausdorff 4.

I @ € A, $i5E X, WHEE k€N, RATH Bz, %) N (A\ {z0}) # @.

%g,%it,Bmmbm@ﬂhuaﬁﬁm%<ﬁﬁ4ﬁg%m%?ﬁﬁ@?{%}¢M%4
SRR T AR TR 1

AR B(zo, )N(A\{w0}) = {2, } LTI N LB A T < min(d(zo, Ty )
M B(zo, %) N(A\{zo}) =2, T (b EAEH Hausdorff ¥, fF4iEAERT§510°4 (T1)) .

%U’ﬁm%%&ﬁnﬁﬂm<~~ﬁ%xmeB@m%,E%@?ﬂﬁﬁ?m@ O

o H FRE IS RS R, ATk s 1

R 2.2, & X 2% — T4 A Hausdorff ¥, LT X MREEFNTHFE.

2.2 WRELR — ZT2EBR + HxtH
SF 2.3. BETA (X,d) AAFENSLREEREE LT AN R,

BB, W (X, d) =& HAREN, % {z.} & (X,d) FHF5.

B X Rt i, AT HHIRAERN 1 MITERE % X,

WTTAER AT IR B 1R 42 By 63 T, = {n € N|z, € By} JREHE.

BRI LY | TPRER S X, 76 By (08 = {n € Lo, € By} RERE

B T, BRIREA N D 0y 5 Ty o o ARA S RERSE, IR j € g B
d(zi,r;) < 7 WA n; € J; 1 ny <ng < -+ A {zn,} & {x.} BITFIIFHZ Cauchy 7.
N (X, d) SR, FEL {2} —EREEEA o € X, i O
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2.3 EEZTEPAREMENZIBNZFNE
W L P O PE R s — A, AT
IR 2.4 (EESEFHEME). £EEFH (X,d) ¥, Tl “%H” 2FH6:
(1) A RY%H.
(2) A RFF)E8.
(3) A RAMFEE V.
(4) A RRGRZLH R,

TR

2.4 Lebesgue ¥ 5|32 E 4 ERR
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3 PSet05-1

(1)[Completion of metric spaces]

Let X be a set, and (Y, dy) be metric spaces. Consider the space of bounded maps,
B(X,Y)={f:X —Y|f(X) is bounded in Y} .
(a) Prove: The supremum metric do(f, g) = sup {dy (f(z), g(z))|z € X} is a metric on B(X,Y).
(b) Prove: If Y is complete, so is (B(X,Y), dx).
(a") Prove: The supremum metric do(f,g) = sup {dy(f(x),g(m))‘x € X} is a metric on B(X,Y).
(b") Prove: If Y is complete, so is (B(X,Y), dw).
In what follows, suppose (X, dx) is a metric space, and take Y = R.

(¢) Fix a point zy € X. For any a € X,define a function f, : X — R via f,(x) := dx(z,a) —
dx(x,x). Prove:f, € B(X,R).

(d) Prove: the map
¢:(X,d) = (B(X,R),dw),a — fa
is an isometric embedding,i.e. dx(a,b) = doo(fa, fp) for any a,b € X.

(e) Prove: Any metric space (X, dx) admits a completion.

(f) Prove: If (Yi,d;) and (Y3,ds) are two completions of (X, dx), then (Yi,d;) and (Y5, ds) are

isometric.
JE.
(@) o dy(f(z),9(x)) <dy(f(z), f(z0)) + dv(f(20),yo) + dv (Y0, 9(x0)) + dv (g(z0), g(z)) < M
AMRT x B E#FAEE] doo (f,9) < M, I doo(f,g) € R NI do & RUFE X,
o sup {dy(f(z),9(z))|r € X} =0= f(z) = g(z).
o t (YVidy) FEEMNZAAENX, dy(f(z),g(z) < dy(f(2),h(z)) + dy(h(z),g(z)) <
doo(f, 1) + doo (b, g), I EFHFARE] doo (f, 9) < doo(f h) + doo(hs 9).

(b) /EHL (B(X,Y),ds) HHI—H Cauchy %1 {f,}. SHME— 20 € X, FHE Y FFF {fu(z0)}
XHER e > 0, BIA {f.} & Cauchy 51|, FiLMFAE N € N 5% TAER n,m > N AL
oo (fr (), frn(2)) < & XFMIFEE Nonyms BT dy (fu(20)s fin(20)) < doo(fu(@), fin()) < e
BRI {f,(z0)} /2 Y H Cauchy 4, H Y HI5E#&ME, Cauchy FIAFTENIR, Rzt E SN
f(zo). BHIAUETLIXFTT A8 SR f B2 {f.} £ B(X,Y) TR,

O

(2)[From limit point compact to sequentially compact] In the proof of Proposition 2.1, we only used

the following two properties:
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(i) Every x € X has a descending countable neighborhood basis U D Uy D --- .
(ii) If zis a limit point of A, then every neighbourhood of x contains infinitely many points of A.

As a consequence, there are many other topological spaces in which limit point compact is equivalent

to sequentially compact:
(a) Prove Proposition 2.3.

(b) Prove that in Proposition 2.3, one can weaken the Hausdorff condition to the following (T1)
condition: For any = # y in X, there exists open sets U and V in X so that z € U\V and
y e V\U.

(¢c) The (T1) condition is equivalent to a sentence on page 1 of today’s notes. Find out it and

prove the equivalence.
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FeFA =S B HY 2 14

1 ARFERERME

1.1 EF5|3E

A RIBAITFC R 2 T ISR AR K K. O 7RI A KA 1] R B K1, AT 2258 751 7). IR
POZEARE] a2 R AR 1 JEUUAEIE B P R

5138 1.1 (B T5IH). R ACX, BCY %4, NCXxY RFHHL AxBCN, RLhE
XFYFEUAY FHFEV &£F
AxBcCcUxV CN.

IS, ek A B RENESMER RG], £ RxR ¥, &MFA
{0} xRC N = {(z,y)]|zy| < 1},

BRI AEEFE UD{0} /4 UxRCN.

1.2 FRFEFRAZMH
{ENHEW, FRATUER T

AEﬁ

Rk 1.2. R ACX,BCY %8y, IRA Ax B &L=,

1.3 Tychonoff EIE

EI 1.3 (Tychonoff). 4w RiEE o, Xo A%, B4 ([ Xos Frodue) LA E .
WL 1.4. TRENFINEZEGRBRZR TR,

1.4 B v.s. FHIE
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2 Tychonoff EIEHJIERA

2.1 Tychonoff EIEHIIERA
2.2 IEZFEABMEMFNER
2.3 Alexander T5 EERYIERA

2.4 Tychonoff EE — EXFENIE
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3 Tychonoff EIERIN A

3.1 N 1: Bfye

3.2 NH 2:
3.3 KA 3:
4 PSet06-1

(1)[The Topology of the Cantor set]
(a) Prove:({0,1}", Troduet) is homeomorphic to the Cantor set C' in R.
(b) Prove: Every point in the Cantor set is a limit point.

(¢) Prove:As a subset of [0, 1], the Cantor set is nowhere dense.

TEBA.
= (079 ay; Qg .
(a)f C%XJZT a0 a0 ’ /\qjanZOE/EZ.
23 (5:5)
o XU AR

o LR SURIEWI TR U(N,0) = {(a)iy € 10,1} ay = o} HRIRZTFA,
it N € Nya = 0 50 1. Ak o = 1. BEHEENAER, BRG® N = 1. 1
FU(L L) = (; Z) M\ I 3 N IR EERT, RTINS 251 AN
FEARMIERE I, IKRERALIAS] N = 1 (01508, TR R IF 4. FHE.

o ({01}, Tuiserere) BARIEEIN, B Tychonoff FEEL, ({0,1}", Tproquer) HAEE .

o Hausdorff #[d] R #)772H C #/2 Hausdorff (.

o 715 Hausdortl % [A) {134 5 XU 2 7R

(b) ¥F 5, {Z ‘;,"Zn} LR IUEIR, A dpn = dnem < 105 @, = 0,m > 1,
n=1 m=1 1

n=

(c) PIANEEAARIE, FbL T = €, MIEHFESTEA .0 = () Cor b €, J 20 AMKIER
(PRSI (09F, LU EE R K RERO T DR T & T HEFE Ao,

(2)[Sequentially compactness for products]

(a) Let Xy,---, X, be sequentially compact topological spaces. Prove: the product space X =

X1 x --- x X, is sequentially compact.

(b) Is X =0, 1}N sequentially compact when equipped with the box topology Z,.,? Prove your

claim.
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(c) Let Xy, -+, X,, -+ be sequentially compact topological spaces. Prove: when endowed with

the product topology, X = H X, is sequentially compact.

n=1

(d) Now suppose (X, d,) are compact metric spaces. Define a product metric on X = H X, via

n=1

oo

o dn (T Yn)
(). () = 3 (1+ diam(X,)) - 2

n=1

Prove: The metric topology on X induced by d coincides with the product topology on X.
TE B

(a) HFH 0 =2 WFTAE. (B X A {(an, b)), BT X0 RIFFIEM, BIML {0},
FUICTI {an, Y72, WIE a0, BT Xo RFFIRE, BIOL (b0, )72, HUSTH (b, |
-

B b, W { (@ by ) b S (s ba) by BOBESHED (a0, bo) MMCST A, XA b

(ao,bo) MITFEE U #EE V x W B, Hih VvV 2EE ao FIIFE, W 2EE by HIFE.

(b) (X, Thox) ARFIVEM. HHE M (X, Thor) = (X, Tiiscrere)> B R INISUT 51—
BRZAFAEFS, BTl R B ER TR A A A BROE sk 141,

(c) AEBUFH {(an)}, FATHTLGEH T3 {(an)} RTH—DoEES. WTBLUE {(an)} BIT51
{(ans)} RTEH AP RS XREHAT T RGREREF I {(am)} D {(an2)} D {(ans)} - T
{(ans)} PIEBUE § ATCEART I {(ann)}> BIEETE (X, Tproduer) THEE] (aon)> Hd ao,
& {(an)} £ X; HEIPIIRRIR. § %%Hﬂxﬂia O (aon) BITHILE, {(ann)} AREFA

FRIEN. HFEE (a0,) HTIRTEE [[ Vs Seh LAARA U, TARATE X, HLL
B AR, "
(d) o EEEINGE By = {B((za),7)}.
SR By = {ﬁ U [HTIAU, = B(oa ) ka%%‘ﬁ%an}.

n=1

o BHE B((2n),7) € Tproducts T (yn) € B((wn),7)s BULAFLE U € Bproquer 13 (yn) €
U C B((za),r). BFEE 7 51 (y2) € B((ya),r") C B((zn),7), BRI NXAER
B((x,),r) ZUEAFAE U 13 (2,) € U C B((wn),7).

HT >0 BN Y A )< DA () € X L
n=N+

27 1p(1 + diam(X}))
~ .

N [e%s)
LU =]]Bul@nra) x [[ Xn» W (2,) €U C B((zn),7).

n=1 n=N+1

ST 1<n<N, $r,=

. g-‘[«IE Bproduct C c%, HE!J:%@{U\VE\JHEEI%H, R%Xﬁf (33”) (S H Un S Bp'roduct’ ?J?EIJ r > 0 {E

n=1

# (22) € B((@n),7) © HU
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15 T U o RATHIRIN Bo(wn,r)s BTOAT B ER] » M08 405 1 40505
n=1
YN e s = . . d((%n); (Yn))
AR B ST T, BN = iy { )

Hpy.

O
(3)[Interior of compact subsets]

(a) Let X, be a family of topological spaces such that X, is non-compact for infinitely many a’s.

Let K be a compact set in (H Xos Tproduet). Prove:K has no interior point.

[

(b) Consider the uniform metric on RY. In this space, is the closed unit ball compact? Can a

compact subset has any interior point?

(¢) A topological space (X,.7) is called locally compact if for any x € X, there exists a compact
set K, and an open set U, such that x € U, C K,.

Prove: The product (H Xeos Tproauet) of a family of topological spaces is locally compact if

and only if there is a finite set of indices I’y such that

| compact for a ¢ Ay,
X, is
locally compact fora € Ag.

PE
(a) R K WA x WAL U, 63 2 € U, € KU, B [[Uer HP REHRA U,
AR Xow WANEEFHEZA X0 %, FiBL [[ Vs EP%?E%%/I\QUQ RAREI Xor AWIB
Us = X R M Xp KEETTESE V. BB A R T S . Xp BITHE
& K TR {H Vol Vs €V, Vo = X0 # 5}, B[] Xo BHFESRILSAR K 1T
wiki BN K %%QEI’J FrbVEA A IR EX(%Z@EE%?E%EP’I\ [TVve wsa—"15,
WAz eU, C K, PRS- DrEfiidm X, MARTESR, TE. )
(b)
(c)

(4)[The existence of Banach limit]

Consider the vector space of all bounded sequences of real numbers,

X =1"= {(al,ag,...)}ai € R and sup|a,| < oo}.
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On X there is a naturally defined shift operator
T:X — X, {a,a2, -} = {as,a3,---}.
A mean on X is a linear map L : X — R such that
infa, < L({a,}) < supa,

holds for all {a,} € X. A Banach limit is a mean that is invariant under the shift operator 7', i.e.
such that L({a,}) = L(T({a,})) holds for all {a,} € X.

1 m
(a) Define L,, : X - R by L,, : X - R by L,,{a,}) = — E a;. Prove: L,, is a mean for each
m
i=1
m, and lim [L,,(T({a,})) — Lm({an})| = 0.
m—r00

(b) Let M be the set of all means on X. One can regard M as a subset of M(X,R) = R¥,
equipped with the product topology. Prove: M is compact.

(c) Prove:There exists a Banach limit on X.
(d) What is the Banach limit of a convergent sequence? What is the Banach limit of {0, 1,0,1,0,---}7
TEBA.

() o SPEBRHT R,

. < i+ < .
L({an}) < 1211,335” {ai} < supa,

o [ L({a,}) > infa,.

. o . |am+1 - all . 2SUPn |an| o
el |Ln(T(an}) — In(fanh)] = lim 2oy S0P,

m— 00 m
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LLl

Stone-Welerstrass EIf

1 —EEhRTh

1.1 M(X,Y) ERS=F$R%H
WX REEES, YV REEANE. HEIH 2 M(X,Y).
£ M(X,Y) ERATEETE T =Fihdh:
(1) FBUHR, ©h T

Sproduct = {77;1 (BY@Z’T’J,)) |VI S Xa Vyl € Y) vrw > O} .

(2) AHIRID, EHHE:
Bboz = {H (By(yz7r;v)) |Vyx S Y,er > O} .

zeX
(3) A Y R R, AT LIE L —HEE

o dy(f(x)ag<x)>
du(f,9) = Sgg 1+ dY(f(x)vg(x))

FAICAAE PSetl-2-4-¢c PEH| d, &2 M(X,Y) ER—DERIEH £, —Flesh®) f 2 HE
fo £ (M(X,Y), d,,) HHRE f.

EX 1.1 d, £ M(X,Y) LS Z2BIMARE M(X,Y) B8 —HK 461,

FEIE. Ede &4l 8y, RARIEIN G R SIS IEI R —H . Edv PSet3-1-3(a), HAVTAIEH: —
#6355 T 461, 1B T RARIGI. i, MEBELFTEL X EFAN Y, X=ABIHBR
Bl: ©MNstFHMRE X Z4F 6.

FKAUTF PSet5-1-1(b) ' B(X,Y) HI5E&TEMAER, &A1A

1.2, Y RE&EH. KL d, £ M(X,)Y) LW & EE.
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1.2 C(X,Y) EHI—3uhih

AR (X, T) = AL A TATAT LA M(X,Y) RIS s, 5, 3%
AT AR S SR e 25 0] C(X,Y).
140 PSet1-2-4(b), A

#E 1.3. C(X,Y) & (M(X,Y),d,) AT %

ﬁiia' v‘ﬁi;‘&’ £ Z:f%}ié_ﬁlﬁlﬂf’ C(X7 Y) E‘ (M(X7 Y)a ‘Z’roduct) 7FU (M(X7 Y)a%om) ‘:PZ:‘)&
A 49

YE R,
HIL 1.4, R Y RZEH, AL (C(X,Y),d,) RZEN.

FIE. X REE. /2 CX,Y)CBX,Y). £ BX,Y) ERMNA—-ALREGEE do(f,g) =
sup |f(x) —g(x)|. ZHIER f, KT d, KT f B EMRY f, X T doo 8T f. #aEH, d,
rzeX

doo 7 C(X,Y) LiEFAREM B, TS X REEN, RMNTUA do RE d, AmFETHE.
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2 Stone-Weierstrass EIE

2.1 Weierstrass BifEIE
2.2 C(X,R) fEREAKRE

FATS R FEEH M2 —&¥ Weierstrass 180T & FRHE 2 B — AP0 F 25 18], LEATT B398 42 56
S, WA HAR B, FRATEZEE X &% Hausdorff Z5[H].

MR — M AE SR AN 2 R AR R A IA A 2 IR RS, (HIRATKIHRE A . FRATTHE A A X a7 5 1)
ERIEE C(X,R) 12

7t Weierstrass 1@ € BTG H, BAVEH T &£ 200 P([0,1]). MR C([0,1],R)
e MEL P([0,1]) 2 C([0,1],R) HI—TAHL
2.3 BNEH: “TAEKXR M “aBER”
2.4 Stone-Weierstrass EIE, A 1

7E 1937 4, M.Stone ¥ Weierstrass 1@ € F#E) ' Hausdorff %5 (7).
EIE 2.1 (& Hausdorff Z¥[H] ] Stone-Weierstrass @, A 1). % X EZF R Hausdorff = ).
K ACCX,R) RAAHER LS H 56T K. 2 A £ CX,R) PHE.
2.5 Stone-Weierstrass EIE, kA< 2 FAERA

EIE 2.2 (% Hausdorff Z¥[W[1) Stone-Weierstrass EH, FRA 2).

2.6 Stone-Weierstrass EIE, A 3

EIE 2.3 (% Hausdorff Z¥[H][f] Stone-Weierstrass EH, A 3).

2.7 E{EEAHH Stone-Weierstrass EIE
2.8 —PMRKEYEIS: AV L



CHAPTER 11. STONE-WEIERSTRASS % 3% 94

3 PSet06-2

(1)[The uniform metric]
(a) Prove Proposition 1.3 and Proposition 1.4.

(b) Here is another proof of Proposition 1.4 for the special case Y = R, find out the advantage of
this proof.

TR

()

Rl 3.1. Suppose Y is complete. Then d, is a complete metric on M(X,Y).

JE. AR (M(X,Y),d,) HHI—H Cauchy %1 {f.}, ¥M{E—xr 20 € X, FI& Y HF4
{fu(zo)} XHMER 0 < e < %, BR {fn} #& Cauchy 41, FTLAMFEAE N € N30 TAERE n,m > N
FRSL du(fo(0), fin(20)) < & MAAER N,nyms AL dy (fu(zo), fru(z0)) < 1%5 < 2. Fl
{fu(zo)} 2 Y H1 Cauchy ¥, H'Y B84, Cauchy FIFFIEMFR, KR e SN f(z0).
MR A R oE SRR f IER {f. ) fE M(X,Y) IR, SRR e > 0, f74E N, 13
LR n,m > N, WAL dy (fo(2), fm(x)) < 26, 2 m — oo, 33 dy(f.(2), f(x)) < 2e, H

£
; i‘z:‘ ’ du 5 < 2¢e, i . O
x PEEM (f,9) T+ 22 < 2e, fHiE

@l 3.2. C(X,Y) is a closed subset of (M(X,Y),d,).

g=)

ER. ATEL C(X,Y) ARSUFA { £}, BHEE MR f € C(X,Y), BHEXEEM 20 € X,
SHEER € > 0, 18 X L U, RE 2 e U, O dy (f(z), f(z0)) < e. S FE—" e, 17
16N, RE > N, WIS © € X, oL dy (fu(z), f(2)) < g WE—An >N, BT f,

SLESLEL FTURS LI € > 0, (74 Uy € X, R 2 € Uy [T dy (f(2), £(w0) < 5.
Rt F 2 e » € U,, WAL

dy(f(il'), f(ffo)) < dY(f(x)a fn(‘r» + dY(fn(‘T)a fn(x())) + dY(fn<x0)af(x0)) <e.

(b) BRI,

(2)[Applications of Stone-Weierstrass]

(a) Prove: Any continuous function on [0, 1] can be approximated uniformly by functions of the
form

ap + a1e” + axe” +---+a,e™, neN.

As a consequence, prove if f is continuous function on [0, 1] satisfying

1
/ f(z)e"dx =0, n=0,1,2,---,
0

then f = 0. What if it holds for even n?
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(b) Prove: Any continuous functions on S' can be approximated uniformly by functions of the

form

a_np,e "+ a,nHe_‘(”_l)’lc + -4 a_1e7" +ag+ae +---+a,e”™*,neN.

(c) Let X,Y be compact Hausdorff spaces. Prove: any f € C(X x Y,R) can be approximated

uniformly by functions of the form

(@) g (y) + fa(2)g2(y) + -+ fu(®)gn(y), neN,
where f, € C(X,R), gr € C(Y,R).
EBH .

(a) BARRE AL

FEARTFRELLf = e
o DERLf =" RS

(b) S' RS HRT AW 2 = MeRBUEIT, FIHTECRL A SUE S AR T 50k B

(©) « BRETIRE
. HEAREEHIAy - 1dy.

(3)[Stone-Weierstrass for complex-valued functions]

EI 3.3. Let X be compact Hausdorff, and A C C(X,C) be a complex subalgebra which separates

points and vanishes at no point. Morever, assume A is self-adjoint, then A is dense in C(X,C).

. SMER f € C(X,C), BAEIK f. 18 doo(f, f-) < e. FIE Re A := {Reg}g € A}, ImA =
4 2 4

{Imh|h € A}. #77E Reg € Re Af§#3 doo(Re g, Re f) < fs,ﬁ'—ﬁ Imh € Im Af§f5 doo (Im b, Im f) <

2
2 AY N2 Y . PA N
\2[5. BN A ZALER, T g,he A, Reg,Imhe A. % f. =Reg+ilmh, @{FIFE. O

(4)[Functions vanishing at oo] Consider the set
Co(R,R) = {f € (R,R)|Ve > 0,3r >0 s.t. |f(z)| <efor|a]>r}.
Note that Co(R,R) C B(R,R) and thus d., is a metric on it.
(a) Prove: Cyp(R,R) is an algebra.

(b) Let A C Co(R,R) be a subalgebra that vanishes at no point and separates points.Use Theorem
2.11 to prove: A is dense in Cy(R, R).

TR
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(a) o W fi,fo €C(R,R), HE f=fi+ fo. MTAEREM 26 >0, B r=ri(e) + rale).
o W fi €C(R,R), NeR, HE f=\f1. S TAEER [Me >0, B r=r(e).
e (it f)g9g=fi-g+fg
o (Mifi) - (Aafa) = (MA2)(z - ).

(b) [ A+ Co(R,R), AL fo € Co(R,R), 7HE >0, HAREE g€ A do(forg) > e.
H1E Co(X,R) = {fIx|f € Co(R,R)}, Hrh X & R s EE. MRIHE Ax = {g]x|g € A} C
Co(X,R).Co(X,R) EHEE dx o(f,9) = sglfpdy(f(x),g(w)). B dx.oo(folx,glx) = e. Bl
Ax 1E Co(X,R) HAME, HEH 2.11, FJE.

O
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Arzela-Ascoli EIE

1 C(X,Y) EBYHEAAETS
o HIANRIE M(X,Y) ERFEFSIAH, BATHEER Y 2.
o MK M(X,Y) T2 C(X,Y), BIMFEIR X MY #2HIH2M0.
¢ Tpe. C Tee. C Te..
o T WEEEAM, R, (M(X,Y), Z,.) =2 (Al) .
o N Xo-%, T REWEEK.

o MT T M I, CX, Y) HEA “QOSE T AINRIR” X RAFrrEm, HREE
HWMHEE FTERAA GRS C(X,Y) ZHH.

o B R BRI

Z?.c. (f,fEl;"'? )
7. | B, K9 {g| supdy (F(z), g(x)) < s}
Ton B(f, X.2)

1.1 =AM S

w X 2mhE, (YV.d) 2EESN. E—mhIRI1028 03] 1 & gLmug 22 E R =4,
Tpe.s Tuniforms Toow- BNVATEIITL C(X,Y) HHIBL P HI S

Bl 1.1. & X =Y =R &9, R4
(1)
(2)

97
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1.2 (X =Y =R). f,(2):e™ #2443 f(2) = { o
0,z#0

EAEIFR, BRSO K, R SLRE] 7Yk, EERBRA LT
Bl 1.3. fo(z) = %2 Fz) =0, {2/ —BACA B 46 4641 T RALEL.

KGR, —BURIAL, A — MR, (AL

BB — C(X,Y) EMEEBHIMES “IRUST 5] XA RIS A FYEL, 1
“HFRSERT A ARIAYRSE. g BT, RATT/ERZ —A C(X,Y) ES5T Toniform, (HEESE
BILES B1AE X AN P D SO S SO BR AR TH A e 8 1.

A .
o RBZHNST S
o PR ALTELT

1.2 BXUWsFRTh
Z FRRE MR R, BATRE G M(X,Y) Bk e SE BRsy minh. R
HERRE—A: W X 22— M TNE, (YV,d) 2—MEETN. A TEEEE K X FfTEE e >0,
FATE
B(riKe) = {o € MO supdf(o).ofa)) < |

rzeK

513 1.4.
B = {B(f,K,€)|f e M(X,Y),K C X compact,e > 0}

R—mk, MREEMRN B A RS, WE T, fo B (M(X,Y), Tee) FASLE f S HER
Y f, £ X WENEE B0
N
o T BRI, HEIGUFRMISE %M, MEE g € B(f1,K1,e1) N B(f2, Ko, e), WAL
E%% KO *ﬂ €0 > 0 ,fﬁff%[‘ B(97 k07€0) - B(flaKhEl) mB(f27K275)'
W Ky=K UKy, Bley= min(e; — S;(lde(fl(x)ug(x))7E2 - S;PdY(f2($)7g($)))

1

o fuo—fo At T, fEE ¢, K fFfE N, f£& n > B {15 f., € B(fo,K,e), X i {E=E
e fI® K, sup dy (fo(), fo(z)) <&, HEERUWMMER K, {f.} £ K E—30sk.

Fig. R ACX REETE. B HBRIEMR 5] gt
ra i M(X,Y) =5 M(AY), e[|,

EFHHENI Ty Toey Trpe. AAE LS,



CHAPTER 12. ARZELA-ASCOLI % 3% 99

1.3 ZEEmEE

IR A TR, B f, € C(X,Y), fo— fo 1E Toe BIEXE, W fo 2MELL LHK
YoRsHIEs - JE
METFENRGRIFE. (V) ZIFE, BATE (V)N K & K 17748, iR K 2545

ENX 1.5. # X 2% 4%, WwRCiHL L@y &8
SARTE LRI, BATT LK “TF” Brifch “m” .

EIE. R AP 211 Ao 32 2.7, X REARME LY X AR TFTEM I, L2
T HNBEH 1 K — X 8RR 4].

i R, BAIE 2

MR 1.6. R X REARY, f, € C(X,Y) B f, = fo & T 95X TIEkE f,, 4
foeC(X,Y).

TAMEE RN E R B AERR). FL b, AIEEENELT, X R4, Filh,
o FTAEE—RIECER], NI BT A FE 5 7 ]
o JITE RS A A
o T CW 2 (BRI — R EHE 2 [a])
HP AR BB TR TARATTZE AN AN I B A ) TR 51
B 1.7 (REAR). (MR,R), Tpo) RAE AR,
IEH. EGE —ANES, AP, (HR RN EER SRS L.

n,x ¢S
A A, =S fe MR,R)|FIS| < n st f(z)=
0,z €S
A=A,
n=1
« A=Al J{o}
—-0ec A
- Vfe A\A

« Imf ¢ NU{0}
« ANK £ K 1A
~0¢ K
- 0eK

TEA— A I AR & LA, L
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1.4 BFHEPE Hausdorff Z|g]
AR AT 21— S B ) R b 25 ().

EX 1.8. HAMAred = X ZHHF LR EETE 2 X %"‘/l\'%/ﬂgﬁjk, B B — T [T e
—NEEKH#EFreUCK.
S8 1.9. % X & Hausdorff 8, W X BHE S LREEE v € X FEFARU BT REWH,

L 1.11. & B3R E = W 2% 4w ay.

0,
=

JER. WX RBEMEN. X Ac X HFH ANK # K hWRIFEMEERSE K c X oL
BUIE A RIFEE, (Ellx e A. H X RRFEHEN, FEFEU MK 52U CK.
Wk ANK 2 K RIS, BIFE X P HE VR ANK =V NK.
M ANU =VNU 2 X FIE, Mizee ANU C A, Hik A ZIFEE. O

EILVERTE N T, Bl E2EM 2 Hausdorft 1. HATHK— RS Hausdorff [0 LCH
ZEE]. EAIE N T EEM A, Flal, R _ERSEaATRER i HE 2] LCH . AR UL
Q,» BIFE p-adic B TFHIE&M, & LCH K. Bk, LCH EMHh{E p-adic A aEs A H.

NimZ £ LCH ZEHAEE LCH 2 8] f411.

5l 1.12.
o &Y Hausdorff =184 LCH #.
e R" & LCH %, £ —Ht, 14T 53KILEF Hausdorff =18 & LCH 9.
« QCR RABHREM.

- 1’&%2 Q 7%/%%[& '%éﬁ, /B’:EFX HAS Q, éi}‘ (Qa Zubspace) C’?ﬂ:ﬁvfiiﬁ&‘ U /l%/i;a\"’ﬁ'— (Qa zubspaw,)
“JFQ"'J Pﬂ@ U 7% (@, L?subspace) ‘:F ,,%% ﬁ'/ﬁ— (a, b) {i'f‘?’ T € (a,b)ﬂ@ C U, 'E]—iiﬂfx a,b %137%

ﬁiﬂ—#{ ’}-I\'J (a, b) N Q - [a7 b] ﬁ@ = (a; b) m@ 7‘% (Q> f%ubspace) ‘:F '«%‘%%, yj (Q; zubspace)
RAEEENE, HAEHENT AR, 12 (0,0)NQ ZATFFE!

® (R, %orgenfrey) 227%}%%12 '% él]

— MBIX (R, Tsorgenfrey) 2RI EM, R 2z € R, A& [a,b) Fo %R K /% 2 € [a,b) C K.
12 [a,b) ARG, A ZE6, F/A!

FA TR 77 BN dmE, IR B AR

fe B

MM 1.13. E X RILCHY, KCX AR%E, UCX RFEALKCU. NLBAFEV #£13V
%% B
KcVcVcl.
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1.5 ZEFFAED

BTSN WA 412 [) 1) 2 2 TR AR R A 58 SR 8 2 1 BRI A MR & HET O M(XLY)
BRI AR, Hh XY ORISR CRARE H RIS, EHSRA T .

EX 1.14. % XY Riedtzh, ¥ TFTHEZFEE KCcX #FEVCY, i€
SK,V)={feMX,)Y) | f(K)CcV}.

M(X,)Y) LdF 4
Seo. ={S(K,V) | KCXREEVCYRFE}

AR B T, WA R I 4BAT.

A, BAMTHEIZNY AT ZARFX, FIARMTRIES LMyl —2 4k
PATRRD C(X,Y) B T, BAEERZA T E T 5A H.

B 1.15. 4o R AMR X RESE (), Bzl C{x},Y), T,) AETFER Y K%,

FIE. AMEBIERAWLRY RREZN, BA T, = Toe. 53, T FMRETY Loyi6il%
MEZHRI. R X R, RA T, AHTATY Lo9dai50E 2 0L,

Jrsl b H B AR R A R RN, AW R A E T B R ME R E SR
Rl 1.16. & XY A= Z ZI&42H, L£F Y B3FE Hausdorff. A4 B & wht
0:C(X,Y)xC(Y,Z) = C(X,Z), (f,g)—gof
X TRt T, RESN.
it 1.17. # % X £ LCH, 4

X xC(X,)Y)=Y, (z,f)— f(z)
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2 Arzela-Ascoli EIE

2.1 Arzela-Ascoli EIf, R#RfFA

YHE A, BUE— M, — WS, TR — MO R R RATRER R B — AT (—
O WESE AN ES R

B, fEAHH, A TUEM PDE 804853 i BB OAAAE I, FRATTRE St it — 51 R £ LR A
WERRATRUE X H IR A — DTS — MR B R 8, B4 — il — 2855 77, kA
RS UL IX A PR A R AR L . X B ARAE BB . AT BB IE 1 B
HHMTHEZ —7 Arezla-Ascoli & #i.

PRIE BT IRFE A WK Arzela-Ascoli 5& PR ) A AR AS /&

EI 2.1 (Arzela-Ascoli, ZHRA). 53] {f,} € C([0,1],R) A—AMsaT 3% AL C—HA R
o Bk
2.2 FEEL
E1Z & E0E F c C([0,1], R) HRiE
o —EAFWBPALE M > 0 FRIMER 2 € [0,1) AMERE f e F, AL |f.(z) < M.

o FREZWRAER 20 € [0,1] FUER € > 0, 4715 6 > 0 XA © € [0,1] WL [z—z0] <0
FFTA feF MOL | f(x) — flxo)| <e.

ANHEG H XA 25 A AT A 0 B «

(1) B3 fo(x) = n RAFEESLFEE AFIEET IIE Ve —EG 71, RE RSP S
AR TR

(2) 81 fu(x) = 2™ £ [0,1] ER—BHAKMELE C([0,1],R) Fiba ARSI THIRVERE 1 4
AESEROELN), RGPS AR 1 A HEEEEH.

GRS NIMS R S BMER BIMMERIRAN SR X BMEE RS Y AU

ENX 2.2, % (YV,d) REE=NH, X 2EI20H. X FCC(X,Y) RTE. 8MAFRF £ 20 RRFAE
HLN, e RHER e > 0, BE xg WITARB U, HER 2 e U, £& f € F, Rz d(f(z), f(z0)) <e.
HMNAR F REFZLEZEN W RCAETE v e X RRFEELEN.

TP FEESL R —ANEEM.: BT Y BWER. S BTSSR (C(X,Y),d,) 75
S SR RHE

WER 2.3. % (V,d) REBEN, FRCX,Y) PHZAHRE. R4 F REEESY.
TEHH. O
BAVEE C(X,Y) KTF T AWM. AERE, WF—DMEEESNRE F CC(X,Y), BITE

®HF 2.4. X FCCX,Y). RK A F & (MX,Y), Tpo) GG, A2 K RERELE, 451
W, K CCX,Y).
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. SRR o € X Fl e >0, FATERE] 20 F—ANIFEL U 15

d(g(x),g(xo)) <e, VaeUVgeKk.
H F SRS, RATREIRE] oo — PRI U 115

d(f(z), f(z0)) < =, VxeUVfeF.

PREEAROTE A A BATREIER] K WEEEELSME, A g e K & F Rk, fE8 sl 8UR T, 14
MRIE? EERMRIBEARAN S, fRE—1 e, ATLREI—A f e F AERXRFIRNHA g FIZBEAE
o e f R, FATWE KRBT =AANEAKRSGE g(x) 5 g(wo) BHIRIT. B LLRAE AN [F] (1)
x EHC T AN f BRI R,

MEEM geK,zeU, &

Wl m

V= {h = Y¥|d(h(x), g(x)) < % d(h(zo), 9(x0)) < g
=, ((g(x) - %79(33) + §)> mﬂgol ((9(1’0) - ;g(ato) + g)) .

MLV 2 g fE (MX,Y),T,.) PRI BN ge K H K & F fE (M(X,Y),Z,.) PR
fil, L VNF#o AEH feVNnF, JAEH

d(g(x), g9(x0)) < d(g(x), f(2)) + d(f (), f(20)) + d(f (x0), 9(x0)) <&
RFERUEY T K RIS EESE. O

2.3 Arzela-Ascoli B, —f%ARZA

AR F e F HiERFIE B0 W8rsl, wRTUAE F RififE C(X,Y) .
Bet)igul, WAOHE F REMEEWHASE C(X,Y), Z..) I—MEFED RAEZ2 3k
SEnivt il 7.0

EN 2.5 R ACX ARG R ARG,
N T EHERATTINLL T 2 X
EN 2.6. X FCCX,Y), it F,={f(a)| f€F},
o« MF RBERGE W RENEE ac X, F, £Y AL,
e WRY REZEN, R FRAREIARNLRAEZ ae X, F, £Y TAARN.
F R ORFRA TR EIE B — SRR AR (1) Arzela-Ascoli 7& ¥

EIR 2.7 (Arzela-Ascoli EHL, —MEMAY). & X &&= H, (V,d) REEENH. & F £ C(X,Y)
HFE, HF CX,Y) KT Edsdei 7.,

(1) & F RERESWFESAEN, A FORLE CX,Y), T.) ¥ RE.

(2) 4% X & LCH#, MRARZAEI.
AT — S Arzela-Ascoli IR, T T MLE|— B4 A B w I Sk
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2.4 Arzela-Ascoli FIE, —R&IRAAYIERR

3IHR 2.8. % (X, Tx) RBAEH, ACY C X, W (X, Tx) (Y, Toupspace) £ A ik FHF 22
18] 45 41 2 — B 4.

513 2.9.
PRAEFRATTRAIE B 3 ZE 1 72 B
EF.
(1) &ilic £ =& F £ (M(X,Y), ,..) TR

o KAE (M(X,Y), J,..) HREM.
W K, =F, Wami K, 250, A2 RR) (Y 2R s2¢ R M Hausdorff) . A
H Tychonoff &, H K, £ (M(X,Y), J,.) TREK, Wi (B Hausdorft

aeX

Al L (M(X,Y), ,..) & Hausdorff 1) . K4

Fc ] Fc ] Ko
a€eX acX
'_E:E(JI}H@J IC C H Ka- ’ﬁfy\j'/%;%& H Ka B@]ﬂ%%’ %E (H Ka,%ubspace) EP%L%E/‘]’ %
acX acX aceX

HITE (M(X,Y), F,.0) FHLIE B,
(2) (M(X,Y), Fpo) T (CX,Y), To) 1 K LESHT 2 AN — 01,

« KCC(X,Y)C M(X,Y), FTbL (C(X,Y), Zoc) FI (M(X,Y), Z..) £ K LIESHT=
3R R —E. T M(X,Y), e C T WHENRATEIEW (C(X,Y), Z..)
£ K EFHEFHRHINET M(X,Y), T %E’J%‘%

e ER U & (M(X,Y), Z..) FINHE, UnK, T2 feUNK, Ik M(X,Y), T,.)
HHEV, 18 feVNKcUNK.
AHMEE W BT U nTLAURSE B(g, K, ) MEA, HA f e B(g, K, e).
Ko K RRAERGELLM, K %N, FrUIRAT URBIERZA o, F1V, Ei K, (#13

d(3(e,),3(x:) < 5.
FrUABRANTEL V = w(g; 21, -+, 2p,8), BEBKIUE feVNKCUNK.

(3) K e F 1E (C(X,Y), T..) THIMIEL.

VgeKk,VzeV,.

. ’ff%gé’cy E%‘gﬁ( (X,Y), CC)E':IE]/]}:F/\B:UZU, ﬁfgf( (X.,Y), PC)EPE/]
IRV, 15 VNK=UNK. itk

UNF=UNKNF=VNKNF=VNF#02.

o R g € C(X, YK, F#1E g 16 (M(X,Y), Z.) HIJTAR V, 618 VN F = o 15
g £ (C(X,Y), T...) THITFARIR U, ﬁﬁUmc VK, Frbk

UNF=UNKNF=VNKNF=VnNnF=0.
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(4) WA/ X 72 LCH 1), W F £ (C(X,Y), Z...) FIAE K a2 5 H. FATHIEN
GRS B R, X A FORSEIEL HiZE SR ).

2.5 —Ue4EERIE R AR A

AR — AR P A58 25510, BFUAE — AR T A —ERFERL
(K1, TR FFA IR 781K BRI T — AR LIRS IR S TR P51, BATA RS AR RS T
FIEsie. (AR, XEAVFZIATREWAS HST S AR TE R A 8/ S .

(a) AVFIEWMR X REN, WA Toc. = Tue. M Ty, RFIERACHT, FTEVRIEL S E PSR
PE. Rl BA 145 21

EIE 2.10 (B LB Arzela-Ascoli). 3% X £ %8, (V,d) REE=H. & F C
C(X,)Y) 5B &S HREME. A F FOLEERIIHRAIKSETINE X E—20ksk.

BINTE R™ H, —MEGRTUER 2 AU E=A 5, A 153

Hi 2.11 (‘B=3A ERET) Arzela-Ascoli). % X £ %49, % F C C(X,R") F &4 B
BAR. RA F PEZEFIVARF AT IE X E—ROolsk.

(b) X TR R AW W E, B A RATR, RARR F R RELL /IR RN, A
BRI — A R AT kbt R A5 B AR /iF i PR . TR X /AR, Max TE
B {f,} SSHESL HZB R PR, MMER ©, FE o —NEWE, EHE {f,} AUk
TH ACERPGRIXA R UM S P {fu} £ Tee BADWRSTH, PUAE X HRBEAR “K
27 BE R, WRBNMEGE X 2 o-51, B, X R2BEEMTHI, AT LU H AR
HERDT A R BT RAG B — DMERFA KR LA — Bl 751 .

EIE 2.12.
FEIC. Arzela-Ascoli R IZA ) 2 49E T o474 . T @ R ARAE A K ALIRAL P 5 2] 0947 22 7 -
o ZH M Frechet-Kolmogorov-Riesz ' M € 32
e PDE: Sobolev # N\ € 32
« ODE: Peano A2t 232
o A 5Hr: Montel %32
o ZHHH /Lie 3it: Peter-Weyl &I

e FATE A LT b ) — s bR g s, FRATRERSIEN] R i Y920 T Wilhelm Blaschke
(RIFE M LT3

EIE 2.13 (Blaschke selection theorem). 4 & R >0, FiA &4 £ B(O,R) THFTROHEXT
Ty R,
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2.6 title
EIE 2.14 (Arzela-Ascoli-classical). # & F C C([0,1],R), & & R—HARLFEELZL, 24
13 P HR A — B0 sk 89 F 7).
i 2.15.
o fo(z)=n, FEEGEAR—HHR. LI&TF.
o fulz)=2a"ze€0,1], —HARERFLELE. RMET .
FEHET BSR4 A3 1] p A 23 1) B b 2% ) — MO SE T BR 4 BT .
EX 2.16. (X,7),(Y,d), &M F CC(X,Y) FHES, FEE >0, GEAFE U EF oo U
%45 dy (f(x), f(xg)) <e,VfeFNeelU
WL 2.17. % F C (C(X,Y),d,) REAARE, MLACRFEELSL.
. GFEEARANRE {fr, -, fo)}y SMEE f e 7, 1715 k fE13 supdy (fi, f) <e.
NU = ﬁ fit (By (fa(zo),e)), R z € U, fEE f € F, dy(f(2), f(20)) < dy (fa(2), f(2))+

k=1

dy (fr(z), fu(wo) + dy (fr(z0), f(20))) < 3¢
EX 218. & Z,={f(a): fe F}, &I F CC(X,Y) RELFAEH, WwRHEREN ac X,,

ML F, K.
EIE 2.19 (— MM AA). & F CCX,)Y) ARFAESY R ARREMEWN, 2 F XT R
A T HOSE—NEERLE.

R X REIYE Hausdorff 89, A2 RT kAT
EY. A K=" 0F ", WRIGREUN T REN. RAEFBURINP LA SR EE
K AFA Tychnoff .

BOREE (K, J,.) = (K, T...)

o K EM. kM, K, =7, Y FREN, WiHEZHN Y 2882 Hausdorff
MIMTE TR L) .
B H K, ﬂEXW YK, TE T, 50, RN (r, RESLMU, FERIRGZH

acX

0, HIERERA RIS F C ng c I Koo FiBLF € ] K. CRAGMARRD, B
acX acX
DK R N T, ©

o K REAERESEN).

EE e >0, fH1E U 3 Vo € U W2 dy (f(x), f(z0)) <&, Vf € K. RFTEXRIR kM, R3]
— AN 7 P R = A

R,
® Z.c. C L?p.c.
FE K%, FEUE I, PHIFE KNU Cc KNB(f,K,¢)



CHAPTER 12. ARZELA-ASCOLI % 3 107
- K =251
— K IES.

X YRR BT BAAR A BRAS R AN BR AN Q86 4555 J82 4 45 FA) < R
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3 PSet07-1

(1)[More on LCH]

(a) Prove Proposition 1.13 and Proposition 1.17.

Then read part (2) of the proof of Theorem 2.7 on page 10.

(b) [Structure of noncompact LCH] Let K be a compact Hausdorff space, p € K and X = K\ {p}

is non-compact. Prove: X is a non-compact LCH.

Conversely, suppose X be a non-compact LCH. Let X* = X U {o0} be the one-point com-
pactification of X (PSet4-2-4). Prove: X* is compact and Hausdorff.

(¢) [LCH version of Stone-Weierstrass] Let X be a LCH. On X we can define the space of contin-

uous functions vanishing at infinity,
Co(X,R) = {f € C(X,R)|Ve > 0,3 compact K C X s.t. ||f(z)| <eon K.

We have seen this space for the special LCH X = R in PSet 6-2-4. Generalize the conclusion
of PSet 6-2-4 to general LCH and prove it.

JEBA.

(a)
Wl 3.1. R X RLCH®W, KCXREE, UCX RFEHALBR KCU. A LHGLF
BV EFRV REY, FLHKCVCVCU.

TEB. O

(b) o HTF K & Hausdorff ffl, SHMEEM v € X, FEFE UV #8 2 c Up € V #H
UNnV=g.WzeUcVe H U & K PAEE p IFENTERE X FIFE Ve 2
K %, HT K 2548, bl Ve 2858, Nithe X TEE (XRENK 5 X
£ Ve EESHT R - Wi X & LCH 1.

()

(2)[More on compact-open topology]
Recall that the compact open topology on C(X,Y") is generated by sets of the form

S(K,U) ={f € C(X,Y)|f(K) C U},
where K is any compact subset in X and U is any open subset in Y.

(a) Prove: If (Y,d) is a metric space, then 7., = ...
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(b) Prove: If X is locally compact and Hausdorff, then

S({z},U) = U S(K,U).

compact neighborhood K of x
TR

(a) o BRI T WEBTEE B(fiK &) & T HHITTH.
WFAL (why?) FEARA S(K., By, <)) 143

fe(S(Ki Blyi.e:) € B(f; K, e).

=1
RN f(K) 255, Bl gea IRNIEER B(f(2:),¢/3) B, HH 1<i<n.

R K, = KN f Y (B(f(x:),¢/3), B8 K= Lnj K.

K b f@) BIRERAK, B F(K) C BUG@) /3 C B(f(n:),2¢/3).
¥1& S(K;, B(f(x:),2¢/3)), Wis

fe () S(Ki B(f(x:),2¢/3)) € B(f; K,e).

i=1

B8 g € () S(K:, B(f(x:),2¢/3)), 1Tl 2 € K, f#1E i 14 2 € K,

i=1

d(g(x), f(x)) < d(g(x), f () + d(f (1), f(2)) < 2@ +o<e
o TUE T, FHEPICE S(K, B(y.e)) 1 T... PRIFHE.
L f € S(K, B(y.e)), 12 8 = d(f(K), B(y€))> W

feB(f;K,0/2) C S(K, B(y,¢)).

(b) o B S(K,U)c S{z},U), Hit U S(K,U) c S{xz},U)

compact neighborhood K of =
o 47 f(x) €U, W fIELE, AAE o BFFFARE V AH15 f(V) C U, H X JRBE%E Hausdorff,
THE o PIFFARR W i 2 e W Cc W CV, Ml f e S(W,U).

(3)[The evaluation map could fail to be continuous without local compactness]

Consider the evaluation map

e: QxC(Q,[0,1]) = [0,1), (z,f) = e(x, f) = f(=).
(a) Explain why Q is not locally compact.

(b) Prove: for any ¢; € Q and any closed subset A C Q with ¢; € A, there is a continuous function
f1 € C(Q,[0,1]) such that f(q1) =1, f(A) = 0.
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(¢) Now let fo € C(Q,[0,1]) be the zero map fo(Q) = 0, and take any gy € Q. Prove: e is not

continuous at (go, fo)(where we endow C(Q, [0, 1]) with the compact convergence topology).
(4)[Applications of Arzela-Ascoli]

(a) Suppose k = k(z,y) € C([0,1] x [0,1], R). For any f € C([0,1],R), define

Kf(x) = / k(e ) f(y)-

Prove: K is a compact operator, i.e. it maps any bounded subset in (C([0,1],R),d,) into a

compact subset in the same space.
1
(b) We want to minimize the functional ®[f] := / f(t). Consider the set
-1

(i) What is }nﬁ@[f]‘?ls the infimum attained?
€

(ii) For any constant C' > 0, let

Fo={f € Fllf(z) = fy| < Clz —yl}.

Prove: The fir}__f ®|f| is attained. Can you find the function?
S¥le}
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Ik QRN

LLl

1 AR

EUIRATE B, SPERSU A BRIE I “TELERA” . RATTRE RS K B 2 IR R 0% L A7 PR A
TR HE B ARk (23 1), A5 BRE 2 7 LA B 3R BN S SO VP RAT SR A 57, 45 Bt 1 B A A AT
B MR 1 45 SRAS B b fro g

FUAETRA VR AT RO, ZEAR R, — AN AT A B — AN o AT R R 0 T RO A A
R FR M T . A5 25 A 50 Fr 0 I R 86k T
1.1 F—AH=[E

A2

BN 1.1, —AEAE N (X, T) IR H—THE, 3 (A1) B0, 4o A A THMOABE, B,
sMFEE v e X, Ah o QTRIFAR (UP, UL}, #1348 ¢ ESTFAR U, A& n £13
U CU.

FiE. R (X,.7) RE—THE, R25THEEERMTAEF—ATHARL (U} #H2
UroU;y DU D -+,
B A REMNA v 89— BTRAREE VEVE -, IR ARATT AR
Uy =V U; =VinVy, Us =VEnVynvy, .-
BIcass

R 1.2, R (X,.7) AT, 2

(1) #FR &2 FIIE.

o ACX RWELHRE A @aFTHFIIMIR.
(2) Foliks — &4
(3) % (X,7) L&A Hausdorff 89, R LM ER — K% — H.

111
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T — T AL RS 2 45— T 50 61
i 1.3.

e

¢

U)&»&%?ﬁ%%*?ﬁ%,H%&MWﬂmUﬁ:ma%)

(2) Sorgenfrey B A H—THa, b UT = 0,2 + 2).
o AT HIHIT
— BERAA.
— Sorgenfrey HZk.
B 1.4. (R, Teocountavie) A H— T4 H.
B RGEk, IR UL, UF & X 6948 (UL — {2}
1.2 FEITAIH=EE
o JEX: fFERIHEE.
o HIWH = H—1H
— RZAX, R TEBERINEEATTELE, W Sorgenfrey FLZK.
e TEAR + EETH — H A
- B+ EETH = FH A
5 1.5. (R", Touctidean)
B = {B(zn, )|z € Q", 1, € Q}.

B 1.6. (R, Tiscrere) & (Al) 89122 (A2) 8.
Wl 1.7. RAHRATZRERF = TH.
Y. B (X, d) ZTEEH T )
Eﬁ%ﬁﬂﬁﬁ@ii&%ﬁﬁﬁ@%&ﬁ%m%@~w%ﬂweXﬁ%XztjM%mb
e

%%ﬂﬁﬁB:{B@méyneNﬂgigum}%E%é@@&ﬂ)%%

EBOTE U Mi z e U, #4E e > 0 13 B(z,e) CU. M n e N 1 < i < k(n) 4§/§%<%
B d(r,20,) < -0 AT Bl 1) C Bla, ) C Bla,e) C U. Hik B &I, 0

RATEEEETEATSA AN, RIEH
HEIL 1.8. BE RS T4,

fl 1.9. X =[0,1"
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® (Xa Z}T’oduct) 7% (AQ)

o0

- 1
BT X BEE d(2,), (yn)) = 227|x” —y".

n=1
o (X, Tpou) TR (A1) 8.
BiR x = (z,) B THRARBL. R A B3], F—H%ED— 85

1.3 FAI4=(H]

o EX: AWHRE T

o B = "4

— JRZAKE, 40 Sorgenfrey H.Zk.
ARARN L B RATFER A (] R i i T 80k:, ol 2
B={B(z,r)|lz € Q",r € Qso},

TRAG R — A EZE R 2 R A B % 7 Q. A5 X2 VF 2 5 — I8 A A 3L [ RHE -
WAL 1.10. & FH THE WA THMAETE.

B, % {U,|n € N} 2 (X,.7) W k. S T8A n, 85—z, € U, JFHA A= {z,|n € N}
GX R 7ok AT D B4 AR X P4,

Wi A=X. H#5L b, ARz e X Mo FMEEIFAREL U, F1E n i3 2 € U, CU. \fii
UNA+#a, Fibh A=X. O

IR AMEFRLIEAT: EEEIEAZ AT, AERTARTEG RO THRETE. SR, EAT
LS ERES TEX 1]

EX 1.11 (A5, separable). &AM X & 50 RECH —ANTHAE T L.
Bl 1.12. (R, Tsorgenfrey) =T 2 0. B ZEAE . A28 RAFH ZTHA.
il 1.13. TR EZR AL THE, AmELEZATE TH — TH.

AR T MAZBPAF —AEEF A RGBS, CH A TIEAR R HGER. 5 AFL0HEX
A CARAFER H TS = CATREIL” . MZFRHREHMEL T 04 RIa4=
).l de, 4

l?(\TR) = {f:R—>R|f(x) # 0 for countably many x, and Z|f(x)|2 < oo}.

KT IR (f,g) =) flr)glx) BERA—AARTE, KRHF$FT—ARELH, ®AFEHT
rzeR

WA, RAAT B 69 A RAG4E = 18 R T it A A & T RE 3.
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1.4 HREFHMEAFRBRREEZ BN ARE

FLW L, AT 20 P RRAE R RE B T B OB Rk OB R B (]
EIE 114, ETEREERN (X, dx) TGN A RAA47THR ((0,1]7,d) 15K T =20,
. B X OREM, FTLVERA . BT dy, FATATBMEE diam(X) < 1.

B A= {z,|neN} 2 X WrHH%7E, Ri1E L

F: X —[0,1]Y, z+— (d(z,21),d(z,z2), ).
M AFANAH
o FRIESNHEA To= Tproauers BN mp 0 F = d(x,2,) RIELLMN.

o F RN WH F(x)=F(y), B4 dx,z,) =d(y,z,). BN A RZWER, F1E 2, — . B
d HELEE,
d(z,y) = lem d(zp,,y) = lim d(z,,z) =0.

k—o0

o ([0,1]%, Troduet) & HausdorfF [r1K e A& FE & 2 A

NS T
F:X — F(X)c[o,1]¥
R, B8, F(X) 2K, FoNE & Hausdorff 25 8] H & T4, O

1.5 HtrAr e

TR R S R A . DI, TRMIDTE PSet 4-2-3 i BITH R MBS, I HRA
75 Lecl2 B E] o— SIS, 5N BCH KU I T 4 e

EX 1.15. #3510 (X, 7) & Lindelof 49, R EEFEEHRATHRTEE.

AR o525 E Lindelof, 1 Lindelof AT #0 K40 & 5. FRATSH — Lo 5T B i > @t



CHAPTER 13. “T# M 115

2 AEEHX

2.1 AE=EK
EX 2.1, # (X, T) ATESNN, WwRkbhE X LOEEEH dEEZ T =7,
B 2.2. ([0,1]", Tooduct) RTEERE, @ ((0,1]N, Tpoe) RATE A, B AT TAF—THE.

HATELAE Lecd i PIERE AT EE RS AN [ L U2 55— AT #. Hausdorff AR, ERE, X
XXM AR T

il 2.3. Sorgenfrey A& (R, Tsorgenfrey) & F— T4 Hausdorff Fo EHLEIIL T T KA.
o BMNTLEEE (R, Tsorgenfrey) & Hr— THH.
o CARTEEBREANCETHIIAS ZTHA.
o CA& Hausdorff YA HEE x <y TREFE [z,y) # [y,y + 1) 2.

o MEIER (R, Tsorgensrey) ZEE, BRAXHETURAIFENH. % A, B RRIHME.
HFHERE ac A, Ha¢ B BA B RIFK, HMTUAR ¢, >0 1£4F [a,a+¢) C BS. £
83t TAEE be B &AT I g, > 0 143 [b,b+ &) C A°.

ERBHEMERAAR [a,a+e,)N[bb+ey) =0 FUMNEMNA bE [a,a+¢e,)N[b,b+e,), FT/E.
M Uy : U[a,a—l—ea), Up = U[b,b+€b) BNE A B WREME.

acA beB

2.2 Urysohn B2 EHE
R — R ULT FE B AL A U AR, XT38 A B ) 3RA T — AN R R £

EE 2.4, —ANFTHG BTN (X,T) £TEERE Y B Y CR Hausdorff F= EHLE.

TIRIATH A BT RS Hausdorff 25 (A2 IERLM. KUt
#i® 2.5. % Hausdorff R RIRTEZNM S ARG CAF ZTHH.
SED. AR Urysohn BB 1 E 2% 49 5 = 7T RO R B3 A T 5, 4o BAVE BN (R, Tsorgenrey)
T EE . B A R RS T RBRA Ty, EETERL, ETRB, TARLSplt interval
2.3 Urysohn EE2EIE: IERA

5132 2.6 (Urysohn Lemma). (X,.7) A EM L AR EHEERIAE A, BC X, FAEELHK
f:X = [0,1] &% f(A) =0, f(B ) L.


https://en.wikipedia.org/wiki/Split_interval
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3 PSet07-2

(1)[Lindel6ff Property]

We say (X,.7) is Lindeldff if any open covering admits a countable sub-covering.
(a) Prove: Any second countable topological space is Lindeloff.
(b) Prove: A metric space is second countable if and only if it is Lindeloff.
(¢) Prove: Any closed subspace of a Lindeloff space is still Lindeloff.
(d) Check: (R, Zeocountabie) is Lindeloft.
(e) Check: The Sorgenfrey line (R, Tsorgenfrey) is Lindeloff.
TEHA.

(a) W (X,.7) "B TN, BLAAHE B AT (X,.7) FFES U. MMTE 2 € X, fF1E
U, €U,B, € Bfif3 z € B, C U,. MINTAT KB ATEA {2, }, 15 {B,,} &I
MRS REF) {U,, } B2 — R BT 5.

(b) UEMASE 2R TR b 58 4 S B s 1A 58 — AT e ], R TR T O BT
A PRE N AT HUF

(c) WACX ZME AN AMTES U, BEUUA®, Xk X MIFEE. BT X & Lindeloff
B, FTLMAEn ST Es V. BN AN A°=a, Frbl V\{A°} & A WAl ¥0rEss, M A 2
Lindelsff #.

(d) (I (R, Trowountae) HOFFE Uy FEBL Uy € U. W U Be—NTHIE {20}, RHEA 2, %
5 U P A TEE U, 608 2, € U,y 30 (U,)°°, SR EOTE %,

(e)

(2)[The Sorgenfrey plane]

Consider the product of two Sorgenfrey lines,

(R2v %orgenfrey) = (Rv %orgenfrey) X (Ra %orgenfwy)a
which is known as the Sorgenfrey plane.
(a) Prove: It is first countable, separable but not second countable.
(b) Prove: Is it Hausdorff? Is it metrizable?

(c) Consider the subspces A = {(z,—z)|z € R}. Is it closed? What is the induced subspace
topology on A?

(d) Prove: It is not Lindelof.

TR
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(a) « WT (5,y) € R, {[m 5yt Dfnme N} REATHA L.

L4 Hﬂ%%:ﬂﬁ%ﬂiﬁfgﬁg’ (R, %orgenf’rey) K%%:ﬂﬁEG7 }J\ﬁzﬁ (R27 %orgenfrey) Z:%
5 ATE.

(0) o AT (rrn) # (o2, 0n)s WHMKRIEN d > 0, HEFALL S ik, D
RTETT ETIA S A BITFR, BB (R, Tsorgenprey) THITIA TG SN 11E
(R27%sual) EPE@[EI@IEI%L@E@IEE%Z’ y\ﬁﬁﬁ%%ﬁ%ﬂlﬁﬁ*ﬁf

o A (R, Tsongenprey) TTAMERE ZATHL, PSR AT RALK.
(c) FMUEH (R?, Tsongenprey) #e Hausdorfl i1, 2 SAEH A° JRIFI, MITi A JEFHH.
T2 M B R A

(d) AEIL (R, Tsorgonsrey) I NIFEE U, BT A° RIFEE, ik U IO A TEEAS A° (ER02
5, BB AEN V) V IR TE R (R, Tsorgenprey) HTFEE, IEH ] V = A°

vey

AR (2, —2) ATURIOTFEE W, = (1,2 +1) x [—z, —z+ 1), BRETES A FIIE A,
T VU {Wolz € R} HIR (R2, Tsorgenprey) T E R, (HERATHTES.

(3)[Hereditary properties]
A topological property P is called hereditary if (X, .7) satisfies P—> Any subspace Y of X satisfies

P. For example,“metrizable” is hereditary.
(a) Prove: (A1) and (A2) are hereditary.
(b) Is (T2) hereditary? Is compact hereditary? Is “separable” hereditary? Is (T4) hereditary?
(c¢) Prove: Lindelof is not hereditary.

(d) A topological property P is called closed hereditary if (X,.7) satisfies P—= Any closed sub-
space Y of X satisfies P. For those non-hereditary properties above, determine whether they

are closed hereditary.
IR,
(a) o BAXT ACB, ANCCBNC, Frlh (A1) & rlEfEr.
o HTRFEMHEE, (A2) tRATHLH.
b) o FBANNTFUNV =0, (UnNnANVNA) =2, Bl (T2) £&Al#EEH.
o BMEAWEAE. Ll [0,1] 2 EMHE (0,1) JEE.
o AIVEARTEAL. B (c).
o (T4) ASHTitfE.

(c) AEEL—/N9E Lindelof 0] X, FHEEMHAEL X*. X" ZERMINZ Lindelst 1. 755 %E
X S X 4kK X+ T2 —80, MM Lindelsf A2 nl gL 1.
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(d) o B PEAER.
o AIPHEARSE LR, REIKIB R E—R (o).
o (T4) SEHBRAER). SHER AT 2B AT S, EATEAER R R A E, BN
JRZS A (T4) B, FrUARE R 2 AR AT FFES B EA], BXHEANALZFFESZF T
72 8] A — T E AR 2 P 23 (8 R B X AN ANAE AR A S T4
o Lindeldf & Mgt 1% ).
(e) JAMBEAT AL, HE X = {(0,0)} U {(z,y)|z > 0} CR?, X RRRHEM.
o Bt
— B, AArsiE, mrpsE
— R, Atk
— Lindelsf, ANAli#fg
— W
_ U_ﬂ%
o AIEUE

— A1, W[tk

— A2, W[tk

— W, A

o etk

— T1, AifE

— T2, wJif

— T3, Witk

— T4, Anlifs, wIpEfE

(4)[Properties preserved by continuous maps]
We say a topological property P is preserved under continuous maps if (X,.7) satisfies P, f :
X — Y is continuous = f(X) satisfies P.Similarly one can define the meaning of preserved under

continuous open maps.
bAANAY

(a) Prove: The properties “Lindelof”,“separable”,“countably compact”,“o-compact” are preserved

under continuous maps.

(b) Prove: The properties “A1”7,“A2” “locally compact” are preserved under continuous open

maps. Are they preserved under continuous maps?

TR
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(a) e Lindelof AR EU 5 AL 5925 S HUE I U7 % 5 A A
o o-ZEREARM.
o AION. WA X BRTEHE AR AR f(A) tBAERTEUN.
Hi fRSESH, £(X) = f(A) C f(A)y - F(A)fx) = F(A)y N f(X) = F(X).
Bk f(A) & f(X) BmTEH % 54

o JEMEMELEGARBEHEN. KV = {-1}U(0,1], f:V = T, f(-1) = (0,0),
f(x) = (z,sin(1/z)), EIHINEFIEZHIEA R E T

o PIRERIELEA —ERITRN.
o PR AU ESBA R IR .
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TEt A

1 PEMAER Urysohn 5|38

1.1 PR EMNIE

MIAFER] O E A, BAWEH RN EHA R ORI K0 EE AL A1
it AR AR EIEAR, KA RRFERE, EAMoa il 1Bz

o (T1=Frechet) fE& z1 # 20 € X, fFEIE U,V i3 2, e U\V H z, € V\U.
o (T2=Hausdorff) {E& x| # 2o, FEHEEL UV iR 2, €Uz e VIFHUNV = 2.
o (T3=Regular) fEEMHE A M A — R o, GEFELU VB ACUzeV IFHUNV = 2.

o (T4=Normal) L= A M B Wi2E ANB =9, fFEFE UV fifF AcCcUBcCV H
Unv =g.

SEIR. ARRE B b, L7, C(T3)7 “EA. “(T4)” THRARRE AL, e, £EEH P, “E
RI” S“(T3)” THeEokk AAVER T “(T1)” B “(T3)", “EM” K “(T4)" ThEkE &M
BH W < (T1)” B “(T))" ERfe—sedd, “EN” FEAIN—HOESD, @ “(T3)" &%
ERAVBERE W C(T1)” B “(T3)7, “ER” F2 “(T4)” #E L2 LMY,
1.2 AEnBEMHAEZEXSR

PATHRERT FUX LN (B R 2R BARBA T

o (T2)=(T1)

o (T1)+(T3)==(T2),(T1)+(T4)==(T2),(T1)+(T4)==(T3)

B 7 LA LR KA, HARIRAMARAL

e (T1)%(T2),(T1)%(T3),(T1)%(T4)

fi% (R7 f%ofinite)~

120
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o (T4)#(T3),(T4)%(T2),(T4)=(T1)
Rfil: (R, Fyoe)r b T, RITFH {(—o0,0)|a € RY LRI,
VR B T4 RPIIRA AR A !

o (T3)%(T2),(T3)=(T1)

Sl

1.3 FMNzlE
T e IRANEE tHIX L8 o0 PR ) — LA A 21 I«
Wl 1.1. % (X,.7) Riedl= 0.
1) (X, 7) & (T1) 69% A S1E &Mk % {2} RHE.
(2) (X,7) & (T2) S BEREFAX A= {(z,2)|]ze X} £ X xX FPRAAE.
(3) (X,7) & (T3) WL AREMEZE e cU, AP U RFE, BEFEV EFocV CVCU.

(4) (X, 7)) & (T}) 89S ARG EERNE ACU, AP U RFE, BEAFEV #F ACV C
Vcu.

1.4 Urysohn 5|32F1EHRIIERR

PUAETRATIA P 1E 0 25 18] A 540 2 1 SR AE B Urysohn 51 3. FHE& 15, Urysohn 5] BEA R FRATT “ &
WFANAE PHAE B T3 59 B9 24 HACH BT AN A2 PIAE RE Ml S (B 22 R 4053 257 . Urysohn 5| B2 R
—/NEARMEIERN TR, FIHERATAT DA B A S i (g 50 flan, BREMICE R 7
WA A Urysohn 5| EERAER Urysohn A & &4k E#. Urysohn 51 EERIHABE E N, B$5 Tietze
ok e EHACE A BB E]. XN T EESREE, 2B 5B ARMNCEH T —1 4k
WP RE S R PR B R AL HE, TR IERLAS ], M A LT
I 1.2 (Urysohn 3/, 36415 (X, 7) REMGE AR EHFEERLNE A, BC X, A&
—ANEZEHHK X - [0,1] 1£4F

Ac f710) B Bc f (1)
1L,
(=) ZREGIH: WHE A c 7Y0),B c f1(1) HFEMELRE f - X — [0,1], 4
£, %)) il f*l((%, 1)) B AR B EAAIFARSL B (X, 7) R EHE.
(=) KRR BATWAE—ADNEEE — M rsash s ia) e OB A ? B FRATRE M
—ANBREN CEEL” KRB AR AR, BAVE RN R A 47 IS, 2
FE: WATH e B % 2 R, 1E TR Z R B K F4E. Step 1:Contruct sub-level

sets.
BREEATH DL A S TIHE U JANTEX Ag=A, Uy =U. B X ZIEFK, Brilddr]
REPIRETAE UL MIA%E Ay (ERRIERE KA LB U, A

AocU%CAécUl.
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HEEXA SRR, A5 2]
AOCU%CA%CU% CA%CU%CA% c U;.

O
FIE. AATRAE: RMGHRAREIMEN TR ZR? BERAET LM, —Mi, KMNEKk—A41h
TR ARAENE, o FIEEHE AFEE 20 ¢ A, BEESHH [:]0,1] = X 1215 f(20) =0
H f(A) = 1. —AEMNERZEENGHFTE J Thomas £ 1969 544, T AL Munkres 69
% 31 W49 Problemll & 2|'C. B — AR £ 85 FEH A Mysior #13&, £ R Proceeding of the
Amer.Math.Soc. Vol. 81(4),1981,652-653.

1.5 F, 1 Gs &

VER 3| Urysohn 5| F 4582
Ac f7Y0), Bc ().

A BN (RO T, TR SRR F 8 A = 71(0), B = f1(1)?

ﬁ%%%é@ﬁ%ﬁ@ﬁ*%ﬁ%%%i,ﬁﬁ@ﬁf@w:aagﬁégB)ﬁ%ﬁﬁ%*
M fAR— R, RATEEXT A B WESMORE

HTEEIE— i, IRATERIII F IR E IR F, SR f: X — R 54
F7H0) = A LB RAT A2

SORTATE A & (RN,

Py 11
{0} = Ql <_n7 ’I’L> ’
JATLAE N
~1(0) — - 11
/ <m-—£11'1<(—n,n>>.

BAEYL, fN(0) RiZsE X AT RN T AL
EX 1.3. % (X,T) 4% H, ACX.
(1) &M A R G; FheRCRFEHTII
(2) HMAR A R F, 4o B E R EGGTHH.
DRl L R R BN KPS — 8 R I G %R, FSE L,

Wl 1.4. X X REAG, IR2AFEESE[HK f: X - [0,1] &4F F10)=A4A F5HRE AR X ¥
ai Gs %.
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1.6 Urysohn 5|I: —fZH
A7 BHXAG G, FATRARZE 5 45 2 B i I 8 — AN e i 12, #5055 8 5 2 M %
JUF- 2 AH [ .

EI 1.5 (Urysohn 5IFEMIAER). & (X,.7) REAZNE, ABCX. MLABEESELH [ X -
[0,1] 4%
fFHo)y=4, f{(H)=8

LHARY A B A X PHLARNA Gs %.
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2 {RIEIEERASE G
LEARAT P RRA T T AN EA 2 RER T S BE T, (X, ) A& (T4) 12 A TREE I
“REBFIHA” VAR W) R S 45
2.1 XM EHA” (T2) # (T3)
Bl T S B
EIR 2.1. &% Hausdorff ZRZ (T4) 4.

R XA ar A S, e IE R R AR KRR B YRR I “5eT
B ERT.
il

PRR 2.2, M T E, KAMNA
(1) % +(T2)=(T3)

(2) B +(T3)=(T4)

TE B

(1)

(2)

22 WHM HRH (T3)
Rl 2.3. Lindelof+T3=—=T}4.

B, W A, B 2 X HHRIASE L.

TR 2 € X, fAEHEV, #if5 2€V, CV, C B

K5 A & Lindelof 1), fEERFIAN Vi, Vo, - ik A

B R RAZEB M iRz 4, BT B MR FIE A —E R4, FATA e R M 4%
THRES. e b, WREARERR T, B MIMIFE=ZLHA.

FAlith, FATREIR B ATEATFEE UL, Us, - B BIFH U, C U, C A

Lindelof 1ERATHREBI T HANHEE, T3 LWL V; CV; C BS, U, C U, C A°. {H2, XFfiE
HORI PR IFE T RE S RS, Rk B R E S 2 30 5 S 13 42 4.

L
G = Vi) (UU) U ([]vj)

~
ERFNZMENER G, N Hy, = @ X TAERE n,m MOL, BIAEA m>n, B n>m. MFEHEX
Mg Eo Dt TS E MRS T BV BIZMB AR BN 7 ik G,
H, 370145, MRREATAZIZU MV, ST,

oo

T ANV, C G bl Ac |G, W#E Bc | Hn.

n=1 m=1
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A G, N H,, XHMEE n,m KL, FrLh (U Gn>m<U Hm> = . 0O
n—1 m=1

D, B A 2.2. o AL 2.3, AATRAF: £EHR Lindelof+T2—T3? B FAE M. AT
VAZE Steen #= Seebach #3 Counterexamples in Topology ¥ &RE|—/ 8 2269 R 1.

2.3 BEE “I&H” (T2)
Wl 2.4, BAE +T2—=T3.

EH. W e U. HREENE, RAERE—DEE K 5 € K.
oA X & T2 /9, Frbl K & T2 i, X K %[, Frbl K 2 T3 /1.
AW =UnK. Ba W ik = £ K HRITFAHER.
HT K & T3 1, f#1£ K HIF5E V {15

xeV CClg(V)cCW,

HrpEAMEIL S Cle (V) Fox “V 2RI K7 A, DMES V 7E X e v X
s Voschs Bt X IR, JFH Clg(V) 5V —EL

e WAV & K HHE, HEHV W, Wi X FI4E, Hik Vv 2 X ik
o BN K 1E X HREME, VCK, FillV C K. \ifi V = Clg (V).
PRI RATSE bR EAR3] 7 —A X I Vo2
reVcCcVcwcl,
KEWE X A& T3 M. O

SHIB. AEE R RPIBLA LCH =18 (f T3 TR T4 .

2.4 HIMREZE (T4) B9
AR & — R HE R RiF HEZ R, fEECEE & AN A B .

EN 2.5. {BAAHRIE—ANBI T B L T2,A2 LE3RRILES, B EE v € X B4 —/ AR
U Bi=F R,

BRI B R RR S )2 SR B R, &5 G 2.3 Al 2.5 JAi145 2

Wl 2.6. £ EBAAT R Ty 0.

2.5 ASM: ENXFHEIF
THBANINFG SIS, BRIATESESR], ©&EME. TS0 B%RES.
BN 2.7, FMARIBIEN (X, T) RA5 % 4o R3HE ST B E A BIA R TF Ao tm,

5 2.8. B =B AAF K.
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5 2.9. 15 %= R HFE R R,
IER. WX RITER, AC X 2N, W % 2 AEJ#E%?F%%%. L U =U J{A}, Wrer X
W — IR & 150 L, EARERMA R mA 2. 4
% ={Ueum|vcal.
BHEW U e A BRI IR T . 0
BRI A7 B AL AR 1. H A, DR AR TSR, B, 752 AR TR B2 7 R .
5 2.10. R™ &45 %4y,

B, W YRR FEERES. ST IR 2 e R, FHEO<r, <1 MU c% i3 B(z,r,) CU.

/?\‘\

U = {B(z,r,)|z € R"},

W w & U W— AT
BUE G FEAE R

B(a,v/n), a€Z"

HIPIER, EREEHA IREA 24 sRIOTFIRE . HUH I IS FEROTFER, 10 7. T4 % IR R
=AM, R 2 — A, I E R A R, O

AR, LM, A.Stone iEAT

FEIE 2.11 (Stone). H&EE 2 F 245 K69,
R A, Smirnov iEH T

EIE 2.12 (Smirnov). BT EZE AT E LY LR L €A% L Hausdorff 49.
F% E, Nagata-Smirnov %7 T EZHL—ANZi#HG 2 &

EIE 2.13 (Nagata-Smirnov). #4201 (X,.7) TEAELS AR EE T2,T3 LA —AF3A RE.

2.6 A& “BAH” (T2) # (T3)
— s, B A R IERUN. AR, IEUEERES IR T B I A B — R, 1B EE R IE
HIFEEER. ERIENET 55— “ REEEA” FIBEM — DR T REA R THERE {A,) f—&%

U A= U A.

AcA AcA

il 2.14.
(1) % +T2=1T3
(2) 7% +T3—=TY

TR
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(1) ¥#& B &M

R, AGE] T

EIE 2.15 (Dieudonne). &7 % Hausdorff = 18] & E ALY .

2.7 1A% Hausdorff Z[EH— RIFRIINLH
YERNH, BATIEH

3138 2.16. & X RA5% H Hausdorff 49, % = {U,} & X 9—NFHEE. RLABE U 9—" 5
HA ATt ¥ = (VoI 2 4F Vo C Uy HHEE o Kz

PEW. (R X 2 07% H Hausdorff (), FFEAEHBAR (T3) Al (T4) . W REATS
o ={Aec T|W, €U st. ACUy,},

Mo o & X H—DIER (BN {Us} & X BITER, ITUSHER z € X, 174 U, 15 2 € U,
HT X & (T3) 1, ibMEERSE AR v e AC ACU,, BTN o Rt @) .

é\

B ={Bs|p €A}

& o N REAREIT g CXARREE SO, HAEmE T /s o AFH.
XA B, BATEI A o = f(B) 117

B C Uyg).

MAEXFAEAR o) 2
Vo= |J Bs
1(B)=a

Hp AT V, = o WERBCHRFER) 6 F74E. 2 R EA IR,

Vo= |J Bs= |J BscU.
(8)= (8)=

AR IR EABRYE: X TAER © € X, fF1E « KIJTAR U, A R B HE. A, U,
R L f(B) = o 1 o HIZZ. O
2.8 MEMEAZEMN + ATHM + BN

GIRARHT — 2 R™ B0 SR AIER], R FTRE S 2RISR A IE Ja) A BR T 7 o () 50 B 2SI«

o (R o G NEI Bz, vn). HA)EB, BATH T RS
o BT BERS B T XA R BRAT fE A, R R AR T e, SRELT (A2) BR Lindelof.
—ANERI RS, REENEIN BT (A2) RETRHEH BIE? SRR ORI R R E 1

HERFIR AR ROIMAE A {Vo} B {Us} AARR (94515
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B 2.17. X5 X =R, 7 ={(-o0,a)|la € R}. I 4
o (X,7) RAMREGRAAEEES b (—o0, 2] UM
o (X,7) R (A2) 9B H B = {(—oo,r)|r € Q} R—THA.
o BERRGEGAAFEEZ U = {(—oo,n)|n € Z} BA BFHA IR FFAatm.

CERK AR T 407 S5 R U N R K TR A4 B R
R, BI, EARZ Hausdorff (! sz bR E M. wIEUEA Hausdorff — 2 & &7 K-

EIE 2.18. &KMA Lindelof+ A% +(T2)— 5%,
JEI8. Sorgenfrey B % Lindelof, T2, 12 E3R%, 12¢€ & 45 %4y,

LIRBATAT LK Lindelof 2 # a3 9 i) AT Kk il an (A2) 5 o- 5.
&R AR 2.5, FATR FEUEY]:

Rl 2.19. &MA Lindelof+(T3)= 5 % 1E.

IER. 4 X & Lindelof Al (T3) H]. % % = {Us} & X KUESIFTE . M THEE v € X, &8 a(x)
13 2w € Upgy. BN X 72 (T3) (4, FrUAFRATREFR BT V, F1 W, f8i15

zeV,CV, CW, CW, C Usw.
YE v ={V,} & X —ANJFERE. BN X #& Lindelof [, FRATRER B n 418 5%
Vi, Vo, Vg, -} C V.
BATE Ry = Wy, IBWKE X
R,=W\ViU---UV,_), n>1.
Wis #Z ={R.} & % WRBA R ma. O
B, Sorgenfrey A& A T2 8, BRA B, 2R 2 EHM. XFEECAE Lindelof 89, ATVA

CRAT R

2.9

SR EA MR, R B E, KRS B U LR BRI E S
B, T B4 B R SRR B0 B Urysohn 51 RS URIRATT, *FF T4 W5, HIJFEE4 B A0 44
PR K B R RE .
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3 PSet08-1

(1)[Closedness of graph]
Let X,Y be topological spaces, and assume Y is Huasdorff. The graph of a map f : X — Y is by
definition the set

Gy := {(x,f(:c))}a: €EX}CXxY.

(a) Prove: If f is continuous, then Gy is closed in X x Y.

(b) Construct a discoutinuous function f : R — R whose graph is closed.

(c) Prove: If Y is also compact, then f is continuous if and only if Gy is closed.
TE B

(a) AEHL (z,y) € X xY, y# f(x). WAy # f(x), MUAEFE U,V CY 5 yeU, f(x) eV
FHHUNV =02, BN fiES, FTUAEIEW C X, 15 f(W) C V. I\l (z,y) € W xU
JFH W xU C G§. i G, =M.

1/z, =#0

(b) FEREF i, ZBHEL f(2) = .
0 z=0

(c) HEHL 29 € X, HFFUEXHER f(xo) WFFAEE V C Y, fF7E x HIIFARER U 453 f(U) C V.
MRy # f(w0) €Y, thT Gf BITEE, 474 U, x V, i3 (vo,y) € U, x V, JFH U, xV,, C GS.
it vu ) v, Y M—MFES Y % FEFRTER VoV 2 U=U:

] i=1

y#f(zo0) =1
Bz e U, e f(z) ¢ Vi, M f(x) € V. HiIE.

(2)[Productive properties]
A topological property P is called productive if
‘Each (Xa, Za) satisfies P = ([[, Xa» Tproduct) satisfies P. ‘

(a) Prove: (T1),(T2) and (T3) are productive.

(b) Conversely, if ([], Xa, Zproduct) is (T1),(T2) or (T3), can we conclude that each (X,,.7,) is
(T1),(T2) or (T3)?

(c) Is (T4) productive? Is Lindeldf productive?
(d) Prove: separable and metrizable are not productive. What about (A1),(A2)?

(e) Can you introduce a weaker conception of productivity, so that those non-productive properties

in part (d) satisfy the weaker one?

TE B
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(a)

(T1). AFE [ [ Xo TP (20) # (ya)» FEIESRDS B A5 RE 25 # yp. B X 2 (T1) 1,

TEAE zg AR U € X 8643 ys ¢ U [ U x Xo 2 (wa) NEE (ya) HIFFESL
a#p
(T2). uEBHH (T1).

(T3). 4L () FUSLTFAREE U, 14E [[Un M8 (20) € [[Ua € U, Sh UEHRA

Ua # Xa~ Xﬂ‘jzﬁlla/l\ Ua’ EHH: Xa 7\% (T3) E/‘]’ ﬁ?—{{ Va 1%’?%“' xa E Va C Va C Ua- /7"\
KR V, = Xoo M

xGHVaCHVa:HVaCHCHUaCU,
Hep []Va = [ Vo RAEPSet04-1-2 FHIEH (1.

(T1). B8 X5 R 25 # ysr BIE (20) B (o) HF 20 = yor RE o # 8. BAH
T I X 2 (T1) 1, 775 (20) HIFFARER HU 1543 (ya) ngUa, {ELI AT AR L
ys & Usy KRERATHAREI T 5 MIFABER Uy 153 g5 ¢ Us.

(T2). UEWIE (T1).

(T3). 4E8L X5 1 25 MEHFFAIR Usy B8 (20) B Us x [ Xor T HX (T3)
a#p
[, FELE (zo) HIFFARIE HVa Wi e

(o) € [[Vac [[Va= HV cUs x ] Xo,

a#p

)r\IUl'BGVBCWCUg.

Bt b, AT Ao A B SR AR B 2 T A . W { X, R alL, {A, Y 2 EAT T L
W T BORRMI [] A, 2R 2 [ X, 00T8M% T4, i Cantor ML
n=1 n=1

75, EY) ﬁA AT, B [[ X, PR, ERERIEE R
11 A, TR, R TTHGE R AT, (60 A A, Bl —ATEE 0, 518

Ay x {ag} x {ag} x -+,

Ay x Ay % {ag} x - |
(A0 U BT R TSR, WA RT LR, A7 IRk, SO T ST
ORI, WRTTH, WG R IS A A [] X, 0TS T4

n=1

R (2) € [] X FEHLU REE (2,) WEETCRU W [ Uns Kb HEHRA U, A2

n=1 n=1
Xn’ }‘)\ﬁﬁﬁ:{i N, {i?%‘;(ﬂ-ﬂ:’fi%:: n>N, Un = Xn ﬁﬁﬁﬁjﬁ UﬁAl Xoew XAN X {aNJrl} Xoee
7%, M (2n) € A. 7.



CHAPTER 14. 5% niE 131

o XEHVREAT, BAEMIE A, W2 FEAN I HA AT 43 7 A afe A
o ATHCN AT BERL S RSBV ATEUN. B (X, d,) RERZR, 7]

o ARBHEE (0,17, N*, R® ZRMG1F, (BRIESD T RN — N, EEEAE
R [ R SR AR A 2 — T

W

(e)

(f) B2 WRAA—ERGEN, L Sorgenfrey HZZTEM, {2 Sorgenfrey ~FIHIA & i
5.

(4)[Baire space]
A topological space is called a Baire space if every intersection of a countable collection of open

dense sets in the space is also dense.
(a) Use “open-closed” duality to give an equivalent characterization of Baire space.
(b) Prove: Any complete metric space is a Baire space.
(¢) Prove: Any compact Hausdorff space is a Baire space.
(d) Prove: Any locally compact Hausdorff space is a Baire space.
TEHH.
(a) W A, —RIFHITE, N

ﬁAn_X@<ﬁAn> _XC<:><GAg>_®
n=1 n=1

n=1

i A T AR A SR KT R 81 K T R T AR 5 .
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1 Tietze ¥ Kk EIE

1.1 Tietze ¥ KEE

RAEBATEIE Urysohn 5| B2 (1) pR HCE FL R AEH REK, (H2 IEWIRAILE Urysohn B =L E
FEA Urysohn 5| ERITASTE IR BT S 211, EATTREHE FH SR i i 2 E e e MR ) B &R 2 )i 22 pR
. AR RN H Urysohn 513 55— AN, Tietze 5k @ H, B REGEHANAE Urysohn 5
FRRHET OXEENSLhr LR m), FtRw HENH T EZ %6, Erihith A e
Z—.
AT P 2 X TF G
BN 11 % ACX AFE KMNAEWS [ X oY RBS f:AY 95 %R f|, = /.

FESF BT, — AN EE ) (0] R AT — 25 5 R NN 38 SOAE 3 BB R e S, R
PREFEELENE . DU TEAE SRS, — e, iR A AR AERNA RS A LR A FIrf iEs:
PRECHI AN A 93] X b HZ, W A ZAEIFH X ZIERM, H4 Tietze 475K 51 BEE UF3RAT
TR CAYY E8RBHaE X Em— CEIY) ESEH.

EIR. A XA BTFIBE N ET AR Compler Analysis.

EI 1.2, —AMedlEH (X,7) REAGE EREHFHEEANTE A C X fEEESBH [
A= [-1,1], BEESWH f:X - [-1,1] REHERE.
IEA.

o <= W A B & X THALHE Ba AUB 2 X £ X HEMM, A

-1, z€A
f:AUB = [-11] f<m>={
1, reB

& AUB LESM. BB, f RS ESMY f X - [-1,1) 32 f=f /£ AUB
ERKAT.

R IR E R, % EH M) Brouwer fl Lebesgue X T X = R™ HIRBKIERA UAEN, fFbl Tietze I B PrE R M. H
A IE M2 B AR /& - Urysohn 3iE B ).
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AR F1((—o0,0)) M F71(0,+00)) & X 48 A Al B AT HE, X ZIEMK.

-
5 RS FR i A
R:C(Xv [_171])_>C<A7 [_171])7 gHgA'

NTIER R WS, BIfE R

Rg =,
FRATTSLFH 43 B o AR AR TR TS
(1) KRBT RUE.
(2) IEARAF T AT AL,
(3) E BT BAEE 1 P 371 B R A2 i
PLTEFRA S AR V.

[Step 1 [Hs— AR

HARAIE f:A— RRELIRE F, Hrp

L i@z
- 1
f(z) = ﬂ@;ﬁ@ﬂ<§
_1 (x> < _1
3’ Ha) < 3

RIATERATE |f(2) — f(o)] < ; MAER @ € A BROL. FHEHATFI Urysohn 31 E kT4 —
MNESEERE g X — R 5

A MNERARE g BifEE: KN

Ag:{xéﬂﬂ@}é}ﬁBy:{xeﬂﬂ@g—}

%%X#%Kiﬁﬁ,%Zﬁ&ﬁﬁ@@guXeL»wﬂﬁ%

BHEF g(x) ML

[Step 2[4
| Step 3 |l
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1.2 EHREREH

WIRFE Tietze SEFEBMIBUAT, FATREAHEIR [—1,1] BHOVEZHIAXIE [a,0]. — DA
IARIIHES 2 [—1,1] BeE B0 R.

EE 1.3 (KRR Tietze EHTEH). & X REME, A C X RH. IF 24H & 453
frASRBBEELHELEIH [ X SR

iR, K f B6 LR arctan, FRASR—AESLRKEL f ;= arctanof : A — (_ga g)
B Tietze IE#hEH, FRATREWH fi LI N —MESRE
- T
fi: X — [—5,5}.
154
B=Jr'(+5).
M4 B R X FRIHEE, H BN A=@. #1 Urysohn 513, fEE—MESLEE g: X — [0,1] {15
glx)=1, z€ A
g(x)=0, z€B .
7E X

h(z) = fi(z)g(x).

o h s X BB (-5, 5) FNESR L Ha EAE 2

T
272
f(z) = tan h(z).

W4 f: X - REESEM, H

f(z) = tanh(z) = tan fi(z) = tan f1(z) = =, Vz € A.

1.3 XRTEHRZEERHFW=50F1E
FRATIHN 28 6T A 3 8 R ) = s
Fig. BAKMEASEIEm AL HK
f:A=[0,1", f:A=R", f:A-=]0,1]°
2 X beydgwmeaL i, B
f:X—=[0,1", f:X-=R" f:X-][0,1)°,

A S A -NMEEHRES ATHIZ—R, AELLE [f OE—IDE.
KA, EAVT ALIE A FAL S B9 R 0 BRAFA R, LR B BOE I8 20H B2, Hakds Lip-

A AL

schitz H# F3F.
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FEIE. BRI X A EAE, KAMTMEIR X £ BE Hausdorff 8. TEHIRZ: RE B
% Hausdorff = R st 2 EHEY (PTARMTRALESBAIAE), KRNMAA RIFOSHER,
BP Lecl2 ¥ 89& & 1.13, RFEAMBFERELNES HFF KR! KM E LCH A Urysohn 5|32 A=
Tietze ¥ K23, o0y iEBI G4 .

EIE 1.4 (Urysohn 5/¥, LCH fA). % X & LCH =1, K,F & X Y8R EL, £F K £
%oy, F RN, RAKE—ANELEIH f: X - [0,1] 15 f(K)=1 8 f(F)=0.

EIE 1.5 (Tietze ¥ ik EH, LCH iA). % X £ LCH =, K %% RAEM f: K >R &
HERRABHEILH AR L ENEZRHK f: X o R

AR, A—7 @, T —MegieiRE Y, SMNFRRAFFETES/IH f: A Y B A ELER
KXY,
o ATH I f:{0,1} =Y Ed5HE LR
fi0,1] =Y,
LB 5MAE: f(0) B f(1) BEY R —NEREBS L.

e ATHIE f:S' Y HELIHK f: DY, HAFPDRFEPHEERALE, ANE2%E
F(SY £ Y #RTI L. A3k, KA FE 2B R B4t

f:St st a
Rt fERELHH f:D - S

AV R RAZ G J5 F AT 50X BB F
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2 Tietze ¥ 5K EEAIN B

Tietze ik @ FA U2 M. B0, 7ESZ 8T, Tietze ¥ 5K 8 FRAE RIS 3] — R VELL R HuL
oA A T, B2 T RTRATHE tH Tietze 9K 2 HE A 8 £ S 1.
2.1 NH 1: EEXEHHEH

FATHE Leco h2RERTM X REMYHICHERMWER, B X ERERELREH LA

FH). BAEBRAT T ZEIE X —
W 2.1, AEEN (X,d) REHLARSEETESEHH [ X >R AARY.

4%
R R (X, d) RN, A mERIE, (ERESLRE f: X > R 26 7.
?‘jTiIEEﬁfiﬁ ?ﬂiﬂ‘]ﬁﬁ&iﬁﬁi 1%%& (X, d) T%%E’J, LA A = {z1,20,--- } fH15 A = 2.

f:A=R f(z,) =n

e A FRSESEM. H Tietze ¥k EM, fEEESLERE f: X > REH f=f 7 A LS. B f
& X EWEFESRE, T O

Fig. RMEEEERAT: (TY)+ BIREE — th§E

2.2 NMHA 2: FIf Cantor EMEFRHTEIAIHTZ
2.3 A 3: BN
o FRRLA R E L
o FLIMEIITFAEN: (75 +Hausdorff
o |H:
o FAMEIAFENE, LCH BUA
R ERBANTREEN TR —2& ONBTRENFEERD AR,
BN 2.2, AMFE—kHH {po} £—A (EE) Bl R
(1) #A po: X = [0,1] REZL [EF, p, EXEEANX L]
(2) £% {suppp.} R BIAHMEE.
(3) & z € X, Zpa(x) =1.

AR {pa} RABTFTFRE (Us) #9540 R
(4) 3 FHFE o, suppp, C U,.

EER (1) A (2) fRE T (3) HRIMAE —MIELREL
FESL_E ORUE ST 0 AR R A A2 1) o ) T R A
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EIE 2.3 (WEALRIIFAENE). & X RA5 % 69F Hausdorff 89. AR 23+ X 89 &FE 5 (U}, &
HEMNET {U,} 884207

FEAE B BAL o R A AEE 2 R, BRATISESRAIE B — ] B R LA «

513 2.4 (FHBANAIME). % X REAE, {K,),{U,} & X 9B ARGFEE, SEAN o, K,
R E U, BRI, #EL K, CU, ABELEELEHH [, X = [0,1] 43

(1) & K, £ f,>0.
(2) £US £ f,=0.
(3) > falz) =13HEE v e X Az,
JER. {1 Urysohn 3|3, FEFEELEREL 9o : X — [0,1] f137E K, | g, BUE Y 1, 7€ US FHUE N

0.
E X g(z) = Zga(az). AL

BUAERAT2

O {fo} AT EM. O
Fig. AT LCH &MEH —ANH A6 25 Me A, EXAELTEAMNE BRETHA o- %)
(3 F LCH =X 5T Lindelof) KRR R, FHALSTEHEAN U, WiE—A p,, &AL
H3E T RANE LB {p, } 1£1F {supp(pn)} & {U,} 89— Netm, B, ¥ FHEA n, GE—NU, €U
1% 4% supp(p,) C Uy. BRLZ 5L, Ede LCH WA Tietze 3623, KM BERKEA p, RE X
149,

EIR 2.5 (PO MIAAAENE, LCH WA). & X Z&IE Hausdorff #= o-% 89, AR A FTHEE X
BB E U ={Us}, AESESH {p,} 1273

Bk

(1) A supp(p,) £ & #.

(2) &N n, B U, € U 1243 supp(pn) C U,.

2.4 MR 4: BREHBNE RY
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3 PSet08-2

(4)[Retraction]
Let X be a topological space, A C X be a subspace. We say A is a retract of X if there exists a

continuous map r : X — A such that
r(x) =z, VzeA
Such a map r is called a retraction. Prove:

(a) A is a retract of X if and only if for any topological space Y, any continuous map f: A — Y

has an continuous extention f X =Y.

(b) Suppose X is normal and A is closed. Prove: If Y is a retract of R’ (with product topology,
where J is any set), then any continuous map f : A — Y admits a continuous extension
f: XY,

(¢) Prove: Any closed subset B of the Cantor set C' is a retract of C.

(d) Prove: For any compact metric space (X, d), there exists a continuous surjective map f: C —

X, where C is the Cantor set.
JEH.
) o =4 f=for B
o < Ids MIEIRIERN X B A BB
(b) f: A=Y < R/, H Tietze iHEH, FIELH F: X - R, W roF RFTRMLEA.
(c)
(d)
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